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Summary. — The conditions for consistency of the equations of motion 
and commutation relations derived from Schwinger’s action principle 
are investigated. For consistency, it is, in particular, necessary that 
the time-derivative of equal-time c-number commutators should vanish. 
It is shown that, under certain assumptions, the theory is consistent if 
the interaction terms in the Lagrangian are written in a suitably sym- 
metrized form, identical with that required for invariance under SR, 
and that in general only theories which are equivalent to such «sym- 
metrized » theories can be consistent. 


1. — Introduction. 


Schwinger’s action principle (1) has been extensively used to provide a 
concise logical foundation from which equations of motion and commutation 
relations may be derived, given the Lagrangian function L(x). The purpose 
of this paper is to examine certain requirements which must be satisfied by 
this function, to ensure consistency. 


(*) Present address: Norman Bridge Laboratory of Physics, California Institute 


of Technology. 
(1) J. ScuwinenR: Phys. Rev., 82, 914 (1951); 91, 713 (1953). 
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We consider a system described by a set of Hermitian field variables 7,(”), 
with the Lagrangian, 


(1) 


A" and M are c-number matrices of the form 
A" = AE ® Aj, M — M,6 M,, 
corresponding to the partition of y into Bose and Fermi variables, and 


AAA, Mi= M, = i, 


(2) + 


Here the complex conjugate (or operator Hermitian conjugate) of a matrix A 
is A*; the transpose is 4; and the Hermitian conjugate is A*= 4*. 

If F and G are products of field variables, we define their generalized com- 
mutator (F; @) to be equal to the commutator [F, G] unless # and & are both 
odd in the Fermi variables, in which case it is the anticommutator {F, G}. 
In Sect. 2, some notations are introduced to enable (F; G) to be expressed in 
terms of the individual commutators (y,; G). Derivatives with respect to x 
are also defined. 

The equations of motion and commutation relations are written down in 
Sect. 8, for a restricted class of theories, in a form appropriate to the sub- 
sequent discussion. | 

The commutation relations on any spacelike surface may be evaluated by 
using the equations of motion and the commutation relations on another given 
spacelike surface. For consistency, these must have the same form as those 
obtained directly from the action principle. Hence one must require that 


(3) Qo (Xr (a 2°); yo (X, 2) = 0, 


whenever this commutator is a e-number. The conditions under which this 
relation holds are investigated in Sect. 4, and it is shown that theories which 
do not satisfy (3) have other disadvantages, including the appearance of in- 
finite terms in the equations of motion. In Sect. 5 it is shown that theories 
(of our restricted class) for which H is suitably symmetrized are consistent. 
This symmetrization requirement is identical with that assumed by PAULI (?) 
in his proof of invariance under SR. Thus for theories of this class the con- 


(?) W. Paurr: Niels Bohr and the Development of Physics (1955), pp. 30-51. 
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sistency requirement is equivalent to SR invariance. The possibility of such 
symmetrization was also used by KIBBLE and POLKINGHORNE (*) in a discus- 
sion of the role of linear variations of the field variables in the action principle. 
The proof of consistency of these theories is based on a theorem on sym- 
metrized products whose proof is given in an Appendix. 

The conclusions, and their possible extension to other cases, are discussed 
in Sect. 6. 


2. — Definitions. 


Let F and G be products of field variables. Then the operator Gò,F is 
defined to be the sum of all terms in which one occurrence of y, in F is replaced 
by G, multiplied by the sign factor (— 1)°*?", where g, p and q are the numbers 
of Fermi factors in G, in y,, and in F to the left of the deleted y,, respectively. 
We define F6*G in the same way, but with «right» in place of «left». As 
the notation suggests, 


(4) (G6, F)* = F* 67 G* . 

We note that 

(5) (F; G) = FO" (x; G) = (F; 7)dG. 
Left and right derivatives of F are defined by 


pa ie ln MO II 


It is important to note that in general Gò, and &(0,F) are different operators 
(unless G is a c-number). Now 


(3, F)5* = 6, (FX). 


Thus we may define unambiguously the matrix operator OF 6". 
It is clear that (5) is only self-consistent if 


(6) FO {(x; 206 = {FÔ* (x; HhOe . 


One may easily verify, however, that this is always an identity. 
If the matrix A° is singular, we write it, by a suitable real non-singular 
transformation of the y, as 


A® = Ai o 7 
0 0 


(3) T. W. B. KiBgze and J. C. POLKINGHORNE: Proc. Roy. Soc., A 242, 252 (1957). 
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where Aî, is non-singular. The corresponding partitions of xy and of any 


matrix B will be denoted by 
= ds and Bab a È 
a By By 
It will be convenient to redefine H, in (1) to include the terms 


+(% Ms %2 + Xe Ms, 41) ; 
so that we now have 


H — (4% M + Yo Ms 42) +H, . 


8. Equations of motion and commutation relations. 


From the action principle (1), the equations of motion are 


(7) A"G,gx= My + 04H, 
or 
(8) — 6, 7A" = 7M + Hoo 


In order that (7) and (8) be consistent, it is necessary that H, be restricted 
to be even in the Fermi variables. The commutation relations are 


Ag, 0); 7 (x, a8)) A" = AO (x — a). 


Using the decomposition of Sect. 2, these equations become 


(9) Abi do X1 + 1 dit 4 Ai On Xe = Mit1+ Ò, Hj , 
(10) Ain dti + Abe, X2 = Mai + 6, H,, 
(11) Gate 09); Bla, 2°) = (ARTÙ). 


The commutation relations for x must follow from (11) by use of (10). 
In order to avoid infinite series in derivatives of the d-function, we shall as- 
sume that A4%,=0. This assumption is certainly valid for all the usual theo- 
ries (*). We shall also make the simplifying assumption that M,, is non-singular: 
this too is valid in all the familiar theories. Then 


(12) = M (A, O, fa do H,) . 


(*) E.g., the Kemmer f-matrices contain no non-zero elements connecting g* and g'. 
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If we define a matrix operator K by the implicit relation 


(13) _K=òH,d+—($H)ò* NK, 


where 


then the commutators (4, 71) may be expressed in terms of K. li w= Ge 54) 
and a’ = (x', x°) then it is easy to verify that 

(14) (x2 (#); % (#')) AL = 102, (#) 6 (x — x") + 10%, (2)0,6(% — 27) , 

where 

> Nr My Ka ’ 


eo} Ye Hi rl ul k 
Cai Ta (Br; A Mg Ky Ms FA 2 


We note that K has the iterative expansion 


(16) K = 6H, 6*— (6H,)6* N(OH,6*) + (6H) O° N {(6H,) 0° N(6H,5")} —..- 5 


if this converges. 
In the restricted case where H, is linear in 7%, the relation (12) becomes 


an explicit equation for 7, in terms of y,, and (15) becomes 


A On = — My (0H,91), 
(17) Kk Ch LA 
Ch a M;, A ; 


Note that from (14) there follows 


a8) 4% (x1(0); He (e) = 10% (0) dle — x) — iO! (æ')00, (x — x") 


— 450% (x) — 0, x (a)} (x — x!) — 1041 (Ad dle — a). 


US 21 


4. — Consistency conditions. 


According to (3), one requires for consistency that, since (11) is a e-number, | 


AS, (do Xa(£); X1(&')) Ai, + AS (X1 (2); do Xa (x')} A = 0: 


Expressing 0%: in terms of y, and % by (9), and using (5), (11), (14), (17) 


\ 
I 
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and (18), this condition may be written in the form 


AM O, (Ka Ki) "a ia Ki) == 9 ’ 
a Mi (Ko — Ki) + (Ko — Ke) M AS 


(19) î 19 14k 
je AY MS, (Kee EMA 


4. M; (Ko — 16%, MY A, ne Ass Ma (Kos — K;,) MAL, =0. 
Tt is clear that a sufficient condition for (19) to hold is 
(20) K=K". 


In general, this will also be a necessary condition, although it may be pos- 
sible to choose the matrices A‘, in such a way that a less stringent condition 
would suffice. Note that the leading term in the expansion (16) of K is auto- 
matically Hermitian. 

If H, is linear in 7,, then (20) reduces to 


(21) (G,H,)0 Mz (6.H,04) = (0: H,03) Md, (H,0:) - 


Moreover, this is now a necessary, as well as a sufficient, condition for con- 
sistency. Since, in this case, (12) is an explicit solution for y,, any function 
of y may be expressed as a function of y, only. The condition (6) for func- 
tions Y and G of x, becomes 


(22) FO} (Aj,-1 (614) = (FO7)(An) 0G , 


which bears a formal resemblance to (19). This resemblance is, however, 
illusory, since (22) is identically satisfied, whereas (21) is not. 
To see more clearly the meaning of (21), we consider the special case 


(23) B= ji + {of +9: 


where f, and g are functions of y, only, and g*—g. Then a straighforward 
calculation shows that (21) may be expressed in the form 


(24) tr {Ma (dif: Lo) = tr {M (051100) 
for every pair of components y, and y, of 7,. Here the trace is taken over 


the components of 7,. It is worth noting that the interaction terms usually 
considered are consistent, because every f corresponding to a Bose variable 
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is Hermitian, and every f corresponding to a Fermi variable anti-Hermitian. 
Of course, one might take the Bose fs anti-Hermitian, or the Fermi f’s Her- 
mitian, but it is easy to see that such interaction terms are vacuous, in that 
they contribute nothing to the equations of motion. Inconsistencies only arise 
when the f’s are neither Hermitian nor anti-Hermitian. 

One may easily find examples of inconsistent theories. If we consider a 
scalar field represented by g and g”, and two spinor fields y! and y? (all Her- 
mitian), then the interaction term (*) 


(25) H, = cp"priby y? + co Pr ipy, ye ; 


where c=a-+ib is inconsistent if neither a nor b is zero. It may be verified 
that, for example, @{y'(x), ÿ'(x')} is non-zero (and in fact infinite). The 
theory is in any case highly pathological, as can be seen from writing the 
equations of motion for the spinor fields, using the commutation relations, in 
the form 


ae iy" 0, yi = my + ary , {p", p?} — 6abiy wd(0), 


iy" è, = mp? — ai, {g", pl} — 6abiyoy?d(0) . 


The only terms depending on b contain the infinite factor 6(0). It is clear 
that the peculiarities of the theory stem from the attempt to include in H, a 
term of the form of a commutator of two expressions, each even in the Fermi 
variables. It is interesting to note that, if one uses the commutation rela- 
tions, this term in H, actually vanishes, and one finds 


(27) H, = a{p", p'iby,w} - 


Of course, the theory obtained by starting with (27) differs from that given 
by (25), and is perfectly consistent. 
It is useful to consider also the theory with 


(28) H, = cpp By? + e* Py! 9 . 


Since (28) contains no components of 7, the theory is consistent, despite its 
close resemblance to (25). This is essentially due to the fact that y exactly 
commutes with y! and y?, so that the terms in ab, analogous to those in (26) 
are zero. The consistency of this theory is thus rather accidental, and is 
closely related to the fact that the theory is identical with that obtained by 


(*) We use the (1, —1, — 1, —1) metric, and pure imaginary Dirac matrices. 
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choosing 
(29) H,=4 {g, Pp By} ; 


which corresponds to (27). The expressions (27) and (29) may be regarded 
as symmetrized forms of (25) and (28), and it thus appears that an interaction 
term is only consistent if it is equivalent to its symmetrized form. Note that 
(25) with a=0 gives a consistent theory, equivalent to that with H, = 0. 


5. — Symmetrization of H,. 


In this section we shall discuss in greater detail the general rule roughly 
formulated at the end of Sect. 4. 

Let a,,..., 4, be n given operators. Their symmetrized product is defined 
to be 


(30) S [ay ... dn] =— > a(P)apy... deny 


where the sum is over all permutations P of (1... n), and x(P) is +1 or —1 
according as the number of interchanges of Fermi variables on going from the 
order a,,..., An tO Anis... Gp, is even or odd: «(P) may be termed the Fermi 
signature of the permutation P. We shall require the following theorem, 
whose proof is given in an Appendix: 

Theorem. If a,..., @ andb,,..., bn are operators such that 


(31) | (a;; b;) = Gi, 


where each c;; is a c-number which vanishes unless a; and b; are variables of the 
same type (both Bose or both Fermi), then 


(32) S [a5 Bd da] SR] 


We shall now show that if H, is symmetrized (that is, written as a sum of 
terms, each a symmetrized product of field variables), and is linear in %, 
then the resulting theory satisfies the consistency conditions (21). This res- 
triction on H, is identical with the « ordering of operators » assumed by PAULI (2) 
in his proof of invariance under SR. It is a remarkable fact that the con- 
sisteney conditions found here appear to be equivalent to SR invariance. 

Now, if H, is symmetrized, then each element of the matrix 6,H,6,* will 
itself be a symmetrized function of y, only. Consider the term 


(33) (Or HO Mali 
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ot 


of the left side of (21). It is clear that (apart from the c-number factor (M,,'),:) 


this is equal to the left side of (32) with a, … a, replaced by dò, H, dj, and 
bi ...bm by Ô,, H,ò,,. The corresponding term 


(34) (Ou Hf, Da oll a PACE (H, Oru) 


from the right side of (21) is the same multiple of the right side of (32). But, 
since these expressions involve y, only, the relations (31) are satisfied. Hence, 
by the theorem, (33) and (34) are equal, and the consistency condition (21) is 
Satisfied. 

The symmetrized form of any theory is obtained by replacing every pro- 
duct by the corresponding symmetrized product, and evidently any theory 
which is equivalent to its symmetrized form is consistent. It is probable that 
the converse is also true, since any non-symmetrized terms in H, will contri- 
bute to the equations of motion terms involving generalized commutators as 
factors, and these terms may be replaced by expressions which either vanish 
or contain the infinite factor 6(0). 

It is easy to show that for theories of the special form (23), the condition (24) 
is equivalent to the requirement that the theory be equivalent to its sym- 
metrized form. 


6. — Conclusions. 


It is not certain to what extent the considerations of this paper might 
be extended to cases in which H, is more than linear in y,, but it may be 
conjectured that the symmetrization condition would ensure consistency in 
that case also. The preceding discussion leads us to conjecture that the fol- 
lowing conditions are each equivalent to the self-consistency of the theory: 


i) the consistency condition (25), or (27), holds; 
ii) the theory is equivalent to its symmetrized form, 


iii) the theory is invariant under SR. 


In view of the present interest in the TCP theorem, the last condition may 
be of considerable importance. 

There would be no difficulty in extending the discussion to include com- 
muting sets of kinematically independent Fermi fields, provided that H is 
even in each set separately. (Indeed, one may also allow anticommuting Bose 
fields, provided that H is even in those variables which anticommute with 
each given variable). 


io 2) 
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It is worth remarking that the non-interaction terms in L are already 
symmetrized funetions, in view of the conditions (2) on A” and M. 


I wish to thank Dr. J. C. PoLKINGHORNE for many interesting discussions 
and helpful suggestions. i 


APPENDIX 


We now prove the theorem stated in Sect. 5. Define 


{—1, if a, and b; are both Fermi variables ; 


His —= 3 
| +1, otherwise. 


Let P and Q denote permutations of (1...”) and (1... m). Then 


(A.1) = S[a, A 42500: ee Dn || = 
ni 1 
TR eS ee 


sk (py, 61 denigm) Apre Ora sar =~ Vga Up cn 
sE (pn gi +» prom) + (&rnoi  Lpaom) Vai Vom pi o tal È 
Now 
2 0¢(Q) (0,91 «+» Lig) der +. Dom Gi = > a(Q) { &ibor ++ Dom — Cir des +++ Don — 
— (wi,o1)Ci,62 Do Dos ++. Dom — +. — (4,01 +++ %i,q(m—1)) Com Dar +» bom-n.}- 
But, in virtue of the fact that c;;=0 unless a; and b; are of the same type, 


(A.2) Xin Cij = LC , 


where o; refers to b; and b,. Hence making a permutation of the indices (Qj) 
in each term, and absorbing the appropriate « Fermi signature », 


> a(Q) (co este Li.om) Der 00 Dom Wi: == > a(Q){ a; de ee Dom =F MC;,91002 +. bi 
Q 


Q 


Thus each term within the braces in (A.1) may be expressed in terms of the 
preceding one. Using (A.2) again, and making a suitable permutation in the 
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indices (P,), one finds 


1 ib 
Li == S[a, een An] S[b, bee Din | (n a 1)! DI Di Di a(P) olQ)Mepn,or* 
di “e Pr @ 


{rap eee Apin—1 Vos see Dom + 
+ (n —1)(%pin—1), 02 ++ Opin-1),9m) Api «++ Bpin—2) bor ++» Dom Opm—1) + 


+... + (pig +--Xp1om) +++ (Œpin-1).02 + Œptn1).0m) Dqa +++ Dam Api +. Opin» } 


This process may be repeated, and each term again expressed in terms of the 
preceding one. We obtain in this way 


al 1 
= S[a,..-dn] S[b, … Om 
i S[a, An] [ 1 ] ra oe SL 
n +1 
{e 9 Jan te Apin-1) Dar I° Dom Cpn.o1 N 
n +1 
— m(m — 1) | 3 | Gps .-- Apin—2) das ++ Dam Crm -n.e2CPn.e1 + «| gi 


= S[a,... dn] S[b,.. dal + > 2 a(P)a(Q) 


min(m,n) 


2 > ( 1) Api ce Apin-1) bey eee Dom Cpa-i-1).ei ee. Cpn@t 
imi (n —i)! (m —1)! (à +1)! 


In view of the obvious symmetry of this expression between the operators 4; 
and b;, it is clear that 


S [ay ..- 3800, «++ Bnd] = S[S[ay + On] Bs + bn] - 


This completes the proof. 


RIASSUNTO (*) 


Si esaminano le condizioni per la compatibilità delle equazioni di moto colle rela- 
zioni di commutazione derivanti dal principio d'azione di Schwinger. Per la compa- 
tibilità è in particolare necessario che le derivate temporali di commutatori di nu- 
meri e contemporanei si annullino. Si dimostra che, in determinate ipotesi, la teoria 
è consistente se i termini di interazione del lagrangiano sono scritti in un’adatta forma 
simmetrizzata identica a quella richiesta per l’invarianza rispetto all’inversione dello 
spazio, e che, in generale, solo le teorie di questo tipo « simmetrizzato » 0 equivalenti 
possono essere consistenti. 


(*) Traduzione a cura della Redazione. 
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Multiple Neutron Production 
in a Cosmic Ray Neutron Monitor Pile. 


M. A. COLLINS (*) 


Physics Department, Victoria University of Wellington - New Zealand 


(ricevuto il 4 Luglio 1958) 


Summary. — A measurement of the number of neutrons produced in 
the lead of a paraffin-lead cosmic-ray neutron detector of the Chicago 
design has been made. The experiment indicates that an average of nine 
neutrons are created per event. 


1. — Introduction. 


The cosmic ray neutron monitor developed by the Chicago group (SIMPSON 
et al. (1)) for the study of the nucleonic component of the cosmic radiation 


uses boron trifluoride counters to detect neutrons produced locally in the lead- 
paraffin pile. 


The production of neutrons by cosmic ray interactions in various elements 
was studied by Coccont et al. (2) and by CocconI-TONGIORGI (**). It was 
shown later by Coccont et al. (5%) and by GEIGER (°) that the number of neutrons 


*) Now at Dominion Physical Laboratory Lower Hutt, New Zealand. 

1) J. A. Simpson, W. H. FoncER and S. B. TREIMAN: Phys. Rev., 90, 934 (1953). 
G. Cocconi, V. CocconI-ToNGroRGI and K. GREISEN: Phys. Rev., 74, 1867 (1948). 

V. Cocconi-ToNGIORGI: Phys. Rev., 75, 928 (1948). 

V. Coccont-Toneiore1: Phys. Rev., 76, 517 (1949). : 

G. Cocconi, V. Cocconi-TongioreI and M. WipGorr: Phys. Rev., 79, 768 (1950). 

G. 

K. 


( 

(1) 
(2) 
(8) 
(5) 
(5) 
(9) 
18) 


di Cocconi and V. Cocconi-ToncIORGI: Phys. Rev., 84, 29 (1951). 


W. Gæeicer: Can. Journ. Phys., 34, 288 (1956). 


if 
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produced in an interaction in lead depends on the thickness of the local « pro- 
ducer». It is, however, difficult to predict from these measurements the 
average number of neutrons produced per interaction in a pile of the Chicago 
design, nor does it appear that any measurements of the neutron multiplicity 
in such a pile have been recorded. 

The present paper describes some measurements made on a two-counter 
pile from which a value for the average neutron multiplicity can be found. 


2. — Outline of method. 


GEIGER (7) showed that for a nuclear evaporation process the average 
neutron multiplicity is given by: 


= 1 
(1) = (; = exp [— al è 


This relation follows from the assumption that the number of events, /(v), 
with multiplicity v is: 


(2) I(v) = (exp [a] — 1) exp [— av] 


where «a» is a constant. 
GEIGER (7) also developed the following expression which enables a to be 
evaluated in terms of measurable quantities: 


(3) re Ros — log ef — a log e — log {1 — (1 — ef) exp [—a]}, 


where R,, is the observed rate at which groups of m counts occur within à 
gate interval, initiated by the first count, e is the neutron detection efficiency 
of the system, and f is the « gate efficiency » as defined in Sect. 6. 

By measuring fm for different values of m it is possible to evaluate a and 


so to find v. 


3. — Experimental details. 


A cross-section of the pile is shown in Pig. LL. 
The preamplifier, amplifier and discriminator circuits were similar to those 


suggested by ELLIOT (°). 


(8) H. ELLIOT: Cosmic Radiation Neutron Intensity Monitor (ed. J. A. SIMPSON). 
The University of Chicago (Jan. 1955). 
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The pulse of the first detected neutron from an interaction in the lead was 
used to open a «gate » circuit of known interval, and the number of neutron 
counts occurring within that interval was 

ie LE SR TA recorded. 
This was achieved by means of an in- 
tegrating circuit described in a Philips Ap- 


POS RRL plication Note No. EB 34-8, in which each 
RSSSSSIRLRY pulse gave a step charge to a condenser. 
CO N LKR 30 The integration network was followed by 
4 Lo Ca PAGA { 
$ SOON TL a DRE which could berbiagedì n 
FERRARA L EX) trigger on any step of the integration 
ITA condenser charge, that is after any given 
ELLE number of pulses had occurred. In the 
Reese, 
È SLI present experiment five such channels 


(CENE MIRE SEINE were provided which recorded the oc- 

Diameter n n 15 n currence of at least 1, 2, 3, 4 or 5 pulses 

ESS REA Bay PNR respectively within the period of the gate 

interval. All channels were reset at the 

Figs 1. end of the gate interval by blocking the 

input circuit and discharging the integrat- 

ing condensers. The number of «single» events was therefore obtained by 

subtracting the count in channel 2 from the count in channel 1 and similarly 

for two- three- and four-fold events. Channel 5 recorded all events of 

five-fold or greater multiplicity. Because of the low count rate (40 counts 

per minute) there was only a very small probability of neutrons from more 
than one event being detected within the gate interval used. 

To test the operation of the above equipment a pulse generator was used 
to give groups of 1 to 5 pulses, the groups being spaced at intervals slightly 
greater than the gate interval plus the time required to reset the equipment. 
Using this generator it was possible to test the operation by observing the 
output recorders for each channel, for a known number of pulses from the 
generator, or by displaying simultaneously the input and appropriate channel 
output on a double beam oscilloscope. A further test was made using a Ra-Be 
neutron source. In agreement with the assumption that the low energy 
neutrons from the source would produce a large preponderance of single-fold. 
events, the use of the source gave a large increase in the channel 1 count but 
a negligible increase in all other channels. 


4. — Results. 


Table I shows the values obtained for À, and m, as defined above, using 
a gate interval of 340 us duration. 
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TABLE I. — Observed multiplicity m. 


| 1 | 2 3 | 4 


| | 
| | 


Hourly rate | 2141 +8 | 179€ 3-50) 270 ae LS | 3.8 + 0.50 


Values of log,, Rn were plotted against m as shown in Fig. 2. From this 
curve the slope (A log, R,)/Am was obtained between the points m= 1 and 
m = 2. 

Using equations (1) and (3) a number of points were calculated enabling 
a graph of (Alogi R,)/Am against 0 to be drawn (Fig. 3), the values of £ 
(Sect. 5) and f (Sect. 6) having been obtained experimentally. 


10? Atog, Am _ 
29223 "(219 
Am 
from points 


m=) m:2 


Errors = 2x std dev. 


1 2 3Mm—> 4 


Fig. 2. 


It was then possible to read off the value of v corresponding to the experi- 
mental value of (A10g;0 Rn)/Am obtained above. 

The value obtained was v= (8.8+0.3) neutrons per event, the uncertainty 
quoted here being equivalent to the standard deviations of the count rates. 

This value is, however, subject to à much greater uncertainty due to the 
large uncertainty in the detection efficiency of the pile. 

Consideration of this factor indicates that the mean neutron multiplicity 
lies between 7 and 11 neutrons per event. 
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5. — Detection efficiency. 


The neutron detection efficiency was determined experimentally using a 
radium beryllium neutron source. The value obtained was ¢=(1.3+0.2)% 
the uncertainty being due chiefly to the uncertainty of the source calibration. 


6. — Gate efficiency. 


The «gate efficiency » f as defined by GEIGER (7) is given by: 


N 
LA 


where N, is the number of neutron counter pulses produced per event and 
N is the number of counts actually recorded within the gate interval. 

Now the number of neutron counts occurring in a gate interval T, com- 
mencing at the first count, is: 


y =N,(1—exp |"), 


where t is the mean life for absorption of the neutrons. The gate efficiency 
is then 
N — T) 
oe = =(1-exp |="). 


No 
The determination of f therefore reduces to a determination of the mean 
life. This may be carried out as shown in the following section using the ap- 


paratus already described. 
By using a value of t=150 us the gate efficiency was found to be 91% 


for the 340 us gate. 


7. — Mean life of neutrons in the pile. 


If N, neutrons are present at a time {, when the gate opens, and N, remain 
at time #,, when the gate closes, then the number absorbed is: 


NOT Ne, 


-ntonf:]-so:)soo[ peo) 


where T= (t,—t,) is the gate interval. 
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For two gate intervals 7, and 7, the number of neutrons absorbed are 
in the ratio: 


(4) N, 1— exp [— 7/7] 
Nz 1—exp [— 7,/t]' 


as N, and t, are independent of the gate interval used. 
Table II shows the counts in each channel for several gate intervals. 
The gate intervals quoted represent the actual period of the gate circuit 
less 20 us, the width of pulses from the pile. Because a 20 ys portion of the 
gate interval is masked for every pulse recorded an appropriate correction to 
the number of pulses observed in each channel has been made and the cor- 
rected counts are shown in the table. 


TABLE II. 


Corrected channel counts per 1000 events 


Gate TAI 
1 2 3 4 5 o 
70 us 1000 36.8+0.8 1.9+0.2 0 0 3677 61.0 


145 us 1000 59.0 +1.4 5.8 0.4 0.6 +0.1 0.07 +0.05 | 65.5+2.0 


340 us 1000 | 78.5+1.2 | 11.0+0.4 | 1.6+0.2 | 0.15+0.05 | 91.2+1.8 


From the data in Table II and solving equation (4) graphically the fol- 
lowing values of t were obtained for the three possible ratios N,/N,. 


For T,—340us and T,= TOUS t= (145*%) us, 

For T,=340p8 and T,=145u8 t= (135*%) ws, 

For T,—145us and 7,= 70ps t= (165*%) us. 
The limits quoted allow for an uncertainty of 5% in the values of 7, 
and T, and for the standard deviation of the number of counts observed. The 
above values are in reasonable agreement with the measurements of COCCONI 


et al. (5), GEIGER (7) and GEIGER and Ross (*). A mean life of 150 ys was 
used in the calculation of neutron multiplicity. 


(?) K. W. GEIGER and D. C. Rose: Can. Journ. Phys., 32, 498 (1954). 


28 - Il Nuovo Cimento. 
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8. — Discussion. 


The mean multiplicity found here (v= 9) is rather larger than those values 
quoted by GEIGER (5 = 6.5), COCCONI et al. (6 =4.5) and ORTEL (v = 6). This 
could be explained by Cocconi’s concept of a nucleon cascade process in the 
lead. In this case the relatively large thickness of lead in this experiment 
(about 5 cm as compared with 1.9 cm in GEIGER’s work) would substantially 
increase the probability of secondary multiple events. 

The method appears to be inherently sound and if the detection efficiency 
of the pile could be determined with greater accuracy more accurate mul- 
tiplicity results could be obtained. 
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RIASSUNTO (*) 


Si è eseguita una misurazione del numero di neutroni prodotti nel piombo di un 
rivelatore di neutroni dei raggi cosmici a paraffina-piombo del tipo in uso a Chicago. 
L'esperimento indica una media di nove neutroni creati per evento. 


(*) Traduzione a cura della Redazione. 
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Detailed Studies of an Event Involving 
the Multiple Production of Strange Particles. 


TSAI-CHÙ 


Faculté des Sciences - Sorbonne, Paris 


(ricevuto il 10 Luglio 1958) 


Summary. — Three strange particles are emitted from a cosmic ray star 
of the type 14-+5p found in the Sardinia stack $36. They are: 1) a neg- 
ative hyperon captured at rest; 2) a positive hyperon decaying in flight 
and 3) a negative K-meson interacting in flight. Detailed measurements 
of each particle are given in this study. The three strange particles are 
coplanar. Each has the same strangeness number. Evidently, there are 
three pairs of strange particles emitted in this interaction. But, if the 
negative hyperon were an anti-hyperon, then two pairs should be emitted. 
It seems very probable that the strange particles are produced through 
a multiple rather than a plural process. In conclusion, this paper gives 
a rough estimate of the frequency ratio between multiple production 
events and all associated events involving two or more identified strange 
particles. The ratio is of the order 0.02 to 0.07 for two-nucleon inter- 
actions in the energy range of about 15 GeV. 


1. — Introduction. 


Detailed studies (1) were made on the trajectory of a negative hyperon 
found in the Sardinia stack S36 and on the capture star produced at its resting 
point. In our previous article, we mentioned that the other two prongs of 
the primary star (*) showed some interesting features and that their measu- 
rements were to be continued. Recent studies (*) have proved that one is a 
positive hyperon decaying in flight and the other a negative K-meson inter- 


(1) Tsar-CHi: Nuovo Cimento, 3, 921 (1956). 
(2) Tsar-Caü and M. MORAND: Phys. Rev., 104, 1493 (1956). 
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acting in flight. The three strange particles are emitted nearly in the same plane 
but each of them has the same strangeness number. This event indicates that 
in high energy interactions more complicated processes exist than double pro- 
duction. It provides us with the first example of multiple production of strange 
particles. The hyperon pair, positive and negative, produced side by side, 
could indicate that the negative one might be an anti-hyperon. 

It was maintained by theory that strange particles should be produced 
copiously in a single nuclear interaction. Experimentally, associated pro- 
ductions of strange particles were found in nuclear interactions caused by cosmic 
rays as well as by artificially accelerated particles. At present there exist 
about 130 cosmic ray examples (see Table VI in Appendix I). Associated 
events (4) involving a hyperon and a K-meson were also observed in z~-p 
interactions caused by the 1 GeV negative z-meson beam at Brookhaven. 
The number of such events (°°) has been considerably increased from exper- 
iments by means of the bubble chambers. So far as the pair production of 
K-mesons is concerned, only a few examples (75) exist as it requires a higher 
threshold energy. Associated events produced by mesons (*), photons (111) 
and nucleons (12) have also been reported. In associated productions, two or 
more strange particles appear together in each nuclear interaction so that 
their strangeness number is always conserved. 

The following paragraphs will give detailed measurements made on the 
three strange particles under study and on other prongs of the parent star. 
Probable reactions by which strange particles are produced will also be dis- 
cussed. 


(?) W. B. FowLER, R. P. SHuTT, A. M. THORNDIKE and W. L. WHITTEMORE: Phys. 
Rev., 91, 1287 (1953); 98, 861 (1954); 98, 121 (1955). 

(4) W. D. WALKER: Phys. Rev., 98, 1407 (1955); W. D. WALKER and W. D. SHEP- 
HARD: Phys. Rev., 101, 1810 (1956). 

(5) R. BuppE, M. CHRETIEN, J. LEITNER, N. SAMIOS, M. SCHWARTZ and J. STEIN- 
BERGER: Phys. Rev., 108, 1827 (1956). 

(9) R. Piano, N. Samros, M. SCHWARTZ and J. STEINBERGER: Nuovo Cimento, 
5, 216 (1957). Also other reports in Padua-Venice Conference (1957). 

(7) M. CeccarELLI, M. GrILLI, M. MERLIN, G. SALANDIN and B. SEcHI: Nuovo 
Cimento, 2, 828 (1955). 

(8) W. B. FowLER, G. MAENCHEN, W. M. Powe Lt, G. SAPHIR and R. W. WRIGHT : 
Phys. Rev., 108, 208 (1956). 

(*) J. C. VAN DER VELDE, J. L. Brown, D. A. GLASER, D. I. Meyer, M. L. PERL, 
J. W. CROWNIN, 8. DEBENEDETTI and R. Coot: Bull. Phys. Soc., II, 1, 221 (1957). 

(!°) STAFF OF THE CALIFORNIA INSTITUTE OF TECHNOLOGY SYNCHROTRON, Padua- 
Venice Conference (1957). 

(4) A. SILVERMAN, R. R. WiLson and W. M. Woopwarp: Padua-Venice Con- 
ference (1957). 

(1°) M. M. BLocx, E. M. HARTH, W. B. FowLER, R. P. SHUTT, À. M. THORNDIKE 
and W. L. WHITTEMORE: Phys. Rev., 99, 261 (1955). 
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2. — Positive and negative hyperon pairs. 


21. Negative hyperon. — A careful study of this negative hyperon has al- 
ready appeared in a previous article (1). In order to give a complete idea of 
this multiple production event, it suffices 


to summarize the former results. The pact) ahd 117 
a” Ri \ iv 
1 


negative hyperon is represented by track 15 I 
in Fig. 1 (Table V). It is ejected from the Re 
primary star at a dip angle of 1°45'+10' 
relative to the emulsion surface and has 
a flat trajectory of length 876 um. It 
comes to rest in the emulsion and pro- 
duces a small star of three prongs; two of 
them can be identified as «-particles. The 
probability of an accidental coincidence 
between a radioactive « star and the end 


of a proton track is negligible. Further, / i CANI 
the mass of this star producing particle to ci : 100 um 
measured by ionization and range is ae À 

(2830 + 560) m, and by multiple scatter- Fig. 1. — Primary star containing 
ing (2560 + 1100) m, (13). The small star three strange particles. 


can be explained as a result of the capture 

of a hyperon X by a nitrogen nucleus. However, if an anti-hyperon exists, 
it will be impossible to distinguish it from a negative hyperon by the ob- 
served small star. In nuclear interactions like 


(1) Z+4p>A°+n 
and 
(2) + p->A°+n 


the conservation of strangeness, charge and baryon number obliges both 
hyperon and anti-hyperon to undergo charge exchange reactions; the anti- 
proton or -neutron could appear only after the decay of A°. A rapid scanning 
made within an area of 1x 3 em? for each of the 10 plates next to the one 
containing the small star failed to reveal any decay event due to A° or Al. 
Considering this hyperon to be a S- and to have a mass (2342 + 1) my (44); 
the energy and momentum of the negative hyperon at emission are 14.6 MeV 
and 183 MeV/e respectively and the moderation time is 2.65-107!! s. 


(13) The error of mass by scattering is increased according to M. HUYBRECHTS: 


Suppl. Nuovo Cimento, 4, 903 (1956). 
(14) K. M. CROWE: Nuovo Cimento, 5, 541 (1957). 
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‘0. Positive hyperon. — The positive hyperon is represented by track 16 
(Fig. 1, Table V) and appears at a projection angle of 13°.3 from the negative 
hyperon and a diple angle of 1°58’ +10" relative to the emulsion surface. 
After traversing 8.61 mm approximately parallel 
to the plane of the emulsion, the particle shows 
a large deflection of 35°-and ends in the next 
plate. The dip angles are —50' before and 
—3°10' after deflection respectively; there 
exist distinct discontinuities in ionization and 
multiple scattering values of the two portions 
of the trajectory separated by the deflection. 
Points marked with (e) in Fig. 2 indicate the 
ionization before deflection and points with (x) 
the ionization after deflection. Jonization and 
multiple scattering measurements made on the 
4535 um track after deflection prove it to be a 
proton. Ionization is measured by the blob- 
gap method, i.e. by counting the number of 
gaps N(L), with L longer than 0.95 um. The mass of the particle measured by 
ionization and range is (1950 + 280) m,. Comparing the multiple scattering of 
this particle with the average scattering of a proton, we obtain (1790 + 470) m, 
for the mass of this particle. 

The ionization of the particle before deflection decreases less rapidly along its 
trajectory than that of a proton (Fig. 2), so it must have a greater mass. The 
mass of this particle is measured by three different methods; each of these 
measurements proves it to be a hyperon >. 


Fig. 2. — Ionization-range curve 
for protons and track 16. 


(a) Rate of change of ionization with range. Let the par- 
ticle before deflection have a mass m, and a residual range R, at the point of 
deflection; we have 


We Ro Re Rp 
r= = : 60 
Mm, R, 
or 
50 
1 
(3) B= (tha), 
i 40 
0 aay ma 4: 
where R, is the distance given in units of 250 um Hig. 3. — Fy against E, curve 


f ae 
measured from the point of deflection; R, the or the positive hyperon. 


corresponding residual range of a proton with 
the ionization of the unknown particle. Equation (3) allows one to obtain the 
ratio (r) of masses from the reciprocal of the Slope of a straight line and the 


© 
+ 
of 
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residual range from its intercept on the ordinate axis. From Fig. 3, we get 
7=1.50 + 0.37, Rifr = (10930 + 420) um and m, = (2765 + 670) m,. 


(b) Multiple scattering against ionization. Multiple scatter- 
ing of the trajectory before deflection is measured by constant cells of 50 um. 
The average second difference of a 100um cell for this particle is about three 
times the noise value. Internal calibration of the scattering constant is made 
by doing the same measurements on about 10 cm of flat proton and deuteron 
tracks which are selected in the neighborhood of this trajectory and which 
have nearly the same ionization and the same direction. We have from scat- 
tering measurements, average p,0 = (145 + 19) MeV for the particle and from 
ionization measurements, p,v = (121.2 + 3.0) MeV for a proton, therefore the 
mass of the particle before deflection is 


m, = (p,v/p,v0)m, = (2200 + 290) m, . 


(c) Q-value for the decay x+ > p-+-x°. The direct measurements 
show that the particle before deflection has a value of mass greater than that 
of a proton but the particle after deflection has a mass of a proton. It is 
therefore reasonable to assume the deflection as due to the decay of a hyperon 
y+ into a proton and a 7° meson and then to deduce the mass of the hyperon 
from the Q-value. The Q-value is equal to the sum of kinetic energies of the 
proton and the 7° meson in the system of the hyperon. For 6 = 35°10'+ 3°30’, 
the angle made by the hyperon with the proton, f = 0.330 + 0.003, the hype- 
ron velocity divided by the light velocity and the observed proton kinetic energy 
E, = (33.7 0.8) MeV, we obtain Q = (116-13) MeV and the mass of the hype- 
ron (2328 + 26) m,, in excellent agreement with the mass of X*. The energy 
and momentum of the positive hyperon at emission are 92.9 MeV and 479 MeV/c 
respectively and the time of flight 7.64-10-™ s. 


3. — Interaction in flight of a negative K-meson. 


The third strange particle is represented by track number 3 in Fig. 1. 
It is emitted at a projection angle of 113°.8 from the positive hyperon and 
a dip angle of —3°23' +10’ relative to the emulsion surface. It produces a 
nuclear interaction after traversing 285 um. The interaction consists of two 
prongs separated by a small projection angle of one degree from each other 
and there could be a small nuclear recoil at their origin. To help the vision, 
the two prongs are shown slightly apart in the figure, but remain parallel to 
their original directions. The black one (3v) makes a large dip angle of 54°35’, 
leaves the same plate at the glass side and ends in the emulsion after traversing 
five other plates. The other one (3a) has a dip angle of — 26° and leaves the 
stack after traversing 24 plates. 
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3'1. Coplanarity of the three tracks. — The angle between the incident 
track 3 and the normal to the plane containing the secondary prongs 
(3a, 3v) is 90°2' and the angle between the track 3v and the normal to the 
plane containing the other two tracks (3, 3a) is 90°5’. It is remarkable how 
the coplanarity condition for the three tracks is satisfied, the errors arising 
from distortion, measurements and others may be much greater than 1°. The 
angle between 3 and 3a is 21°49’, that between 3 and 3v 59°44’. 


832. Measurements on incident track 3. — Ionization is measured by the 
blob density and blob-gap ratio, (N(0)/N(L), with Z longer than 3.16 um. 
Velocity calibration is made by comparing the above two quantities with 
those of z-meson tracks ending in the emulsion. 


TABLE I. 
Ionization ER, (cm) | E, (MeV) 
N(0) per 100 um 25.6 + 3.0 104719 | 18-208 RE 
N(0)/N(L) 2.85 + 0.05 (*) 10.12 + 0.30 198.6 + 5.1 
(*) Weighted mean. 


This particle has, therefore, an average value of 6 = 0.566-+-0.017. If it 
were a proton, the average energy corresponding to such a velocity would 
be (200+ 16) MeV, momentum pe = (644+ 28) MeV and pv = (365 + 27) MeV. 

As this track has only a short length of 285 um, multiple scattering cannot 
give precise results. However, there is some evidence that it is lighter than 
a proton. For a proton with pv = 365 MeV, the mean angle of scattering is 
4" for a 100 um cell, the probability of having a scattering 4 times larger than 
this value is less than 1%. Therefore the presence of two or more such angles 
may well exclude the possibility of this partiele being a proton. Multiple 
scattering is first measured as usual in cells of 25 um. Average second diffe- 
rences from five series of measurements are given in Table II. Second dif- 


ferences of larger cells are calculated with all the overlapping combinations 
possible. 


TABLE II. 
D(25) D(50) D(75) D(100) 
Mean value in divisions 2.25 3.44 2239 1.86 
Independent cells 11 5 3 2 


Among the second differences of various cells, D(50) has the largest value. 
In fact two values of D(50) give true Scattering angles four times larger than 
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the average scattering of a proton. Incidentally, the dip angles of this par- 
ticle are — 3°23’ +10’ at emission and — 4°10’ +20" at interaction respecti- 
vely. By attributing to each multiple cell a weight proportional to the number 
of independent second differences, we calculate the true seattering of the par- 
ticle by the following formula 


4[D(50)? — D(25)?] È 2[D(75)* — D(25)?]  D(100)? — D(25)? 
7 26 L 63 à 


K(2s)! = (0.74 + 0.40)(2)? = 2.1 for s = 25 um. 


PA 


K(2s) = 2.1, given in arbitrary units, can be converted into the unit of degree 
for a 100 um cell, by multiplying it with a constant factor 180 x (100) x 
x 0.057 94/2(50)? = 0.093 88. Hence po = (142 + 77) MeV for the particle by 
scattering, and (pv), = (365 + 27) MeV for a proton by ionization, the mass 
of the particle is (714 + 320) me. 

More elaborate measurements of multiple scattering are made by applying 
Molière's method (1) of determining the c.g. of the ordinate of the grains 
inside a cell. Aligning the track along the x-axis, we measure in the centre 
of the eyepiece the ordinate y of the nearest grain or grains every 5 um and 
calculate the arithmetic mean of the ordinate (y) for a cell of 25 um. The y 
of each cell is used for calculating the scattering differences. The absolute 
mean value of scattering between chords is calculated from the formula 


21/2 dal gli 
sr —_ — — 2 — = A 
Ks VÈ zl 7 (D: + 9 DDin) : 


We have, as a mean of three measurements 


Ks? = 0.469, pv = 22.1/0.469X (2)? 0.093 88 = (178 + 70) MeV . 
Mass of the particle = 178x 1836 m,/365 = (894 + 400) m, . 


The scattering constant (15) for 25 um cell is taken as 22.1. From the above 
measurements, track 3 can neither be a proton nor a 7-meson,; but very pro- 
bably a K-meson. 


3°3. Measurements on secondary track 3v and 3a. — The black track can be 
identified as a proton by grain counting. It ends in emulsion with a total 
range of 3736 um. Its energy and momentum at emission are 30 MeV and 


240 MeV/c respectively. 


(15) See for example, B. p’Espaanat: Journ. Phys. et Rad., 13, 74 (1952). 
(16) L. Voyvopic and E. Pickup: Phys. Rev., 85, 91 (1952). 
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The track 3a has a fairly large dip angle. It has a total length of 3.798 cm 
in emulsion and should have a residual range of a few thousand more microns 
if it were a proton. Ionization is measured in the same way as that of protons 


Fig. 4 — R, against R, 


curve for track 3a. 


used for calibration (Fig. 2). However, it is care- 
fully corrected for the possible variations of the 
minimum ionization among different plates, the va- 
riation with depth in each plate and for the dila- 
tation of gaps due to distortion. The dilatation of 
range. due to distortion (17) should also be cor- 
rected. The mass and residual range can be found 
from the rate of change of ionization with range 
by using equation (3). Points marked with (+) in 
Fig. 4 show the values (R,, R,) before correction; 
points with (x) the same values after correction. 
The mass of the particle is (1.29-+ 0.08) times 
that of a proton or is equal to (2369 + 150) mu; 
it is slightly smaller than the value (2) found 
without correction. The residual range estimated 
from the average value of intercepts given by 


different pairs of experimental points is (3503 + 400) um. Direct compa- 
rison of ionization of this particle in plate No. 1 with that of protons 
found in the same plate gives R,/r = (2666 +1000) um or a residual range 
R, = (3438 +1310) um for r=1.29. 

The mass of particle 3a can also be obtained by multiple scattering and 


ionization measurements. 


The multiple scattering of this particle is measured 


in constant cells of 50 um. As-distortion is not negligible in comparison with 
the multiple scattering in most plates, only third differences are used for mass 
calibration. The value of mass is found to be (2275 + 103) m, (Table III). 


ABILI 
Plate (pv), MeV by — (pv), MeV by 
x Vi n 

No. ionization scattering Mpa 09); 
24 to 21 183.2 237.6 2382 m, 
20 to 17 171.0 186.3 2001 
16 to 13 152.0 170.0 2078 
12 to 9 127.0 154.2 2229 

8 to 5 107.0 13020) 2247 

4to 1 62.5 94.4 2712 


(1?) Tsar-CHi: Nuovo Cimento, 5, 1128 (1957). 
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84. Nature of the interaction. — From direct measurements, the incident 
particle 3 has a mass of the order of a K-meson and one secondary prong (34) 
has a mass equal to that of a hyperon. Further, the incident particle can 
neither be a proton nor a r-meson, because none of these has sufficient energy 
to produce a hyperon. The interaction must be the capture of a K -meson 
by a nucleus with the production of a hyperon. As shown above, the three 
particles K-, p, and & lie in the same plane; the transversal momenta of 
proton and hyperon are nearly balanced (Table IV). So it seems plausible 


TABLE IV. 
Tack Particle Energy Momentum Transversal Longitudinal 
(MeV) (MeV/c) mementum momentum , 
3 Ke 105+8 339 +15 0 339 
3v p 30 240 205 125 
3a De 130 573 — 213 532 


to presume a few neutral particles emitted in this interaction. The surplus 
energy and momentum could easily be balanced by assuming two neutrons 
moving in opposite directions: a slow one with a kinetic energy of about 
30 MeV moving forward and a fast one with 150 MeV backward. ‘The re- 
action could then be 


K-+n+n-n+2 ; 


i.e. the capture of a K by two neutrons, with the production of a fast neutron 
and a negative hyperon, each of about 150 MeV. A part of the energy of 
the K>-meson is used to liberate the bound nucleons; the neutron and the 
as they knock ovt another neutron and another 
Assuming the track 3a to be a x, the time of 


hyperon siow down somewhat 
proton, each about 30 MeV. 
flight is 2.84-107 Ss. 


4. — Other prongs of the primary star. 


The primary star of the strange particles is found in plate No. 24. Of the 
20 prongs of this star (Fig. 1, Table V), six have an ionization below 1.5 times 
the plateau value. The three strange particles appear among the fourteen 
tracks with a higher ionization. Negative projection angles from 0 to 180° 
(Table V) represent the upper hemisphere; positive ones from 0 to 180° the 
lower hemisphere. During exposition, cosmic rays falling vertically traversed 
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TABLE V. — Prongs of the Primary Star, 14 + 5p, containing three Strange Particles. 


Length ia No. of Range or total Nature Energy 
Plate 24 um plates length of Particle Mel 


traversed 


Track Projection 


y dl REMARKS 
DI angle 


Dip angle 


| Grain density =(12.06+0.18) grains per | 
2 80:3°\— 19° 1235 | 22 |40425 r |2334+40 100 ym. Energy deduced from scat- | 
tering measurements. 


1| 83.89) 17° 205} 1) 205(R)| p 5.6 


3 76.4°/— 3°23'| 285) 1 285 ~| Ko 105 Strange particle. Interacting in flight. 


+ 61.4° 35° iy (eit) 17 (R)| « 4.3 — 


5 58.3°| 40° 143 | 5 | 3227 (R) D 37 | — 
6 54° |_-41° 695 | — 24 Ce Grain density = 1442; too inclined 
| to be measured. 
an a SR | i 
7 8.2°|— 66° Sas 333 (R)| «(?) 26 | May be heavier than «-particle. 
8 4.4° 12° 2004 | 22 |70 770 = 126 +20) Grain density se A +0.13. Energy 


deduced from scattering measurements. 


| Made a large angle deflection of 16° 30/ 
2 © 6° | 2°30") 9955 | 7 133037 (R)l x 47.5 | after traversing 1.45 cm and captured 
at rest with a o star of 2 prongs. 


10 |— + 23.5°|— 15° 306 | 1 306 (R)| p ‘ion yt — 

ne 3830/3160 854| 4 | 3918(R) D 42 we 

12 |— 48.5° 28° 356 | 2 949 (R)| D 18.5 i — 

13 — 93.2° 63° 150| 6 | 3374 (R)|p 28.4 — 

14 |—149° |__69° Fe pa a Fie. L Grain density = 12+2; too inclined to 
be measured. 

15 |—156.5° 1°45'| 876| 1 876 (R)| = 14.6 | Strange particle, captured at rest. 

16—169.8  1°58'|8610| 1 | 8610 | xt 92.9 FA particle, E+ > p+x0, decay in | 

hr 167 | om | 285 16 21395 (R)| p s2 | e à 

18| 140.7 4°30 100. 1| 100(R) D(?)|. 4.7 34 

18 88.7e|_ 26e 62 % 203 (R)| p(?) 5.5 i "E 

20 | 60.4°| 30° 280 | — ee = La SFERE density — ma inclined to 


be measured. 
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the stack parallel to the plane of the emulsion and along the direction of 
projection angle — 90° to 90° (Fig. 1). The primary star has been considered 
as the type 14+5p, because there are two minimum ionization tracks (No. 14 
and No. 20) present in the upper hemisphere. However, these tracks show 
such large dip angles that it would be impossible for any one of them to be 
responsible for this multiple production event. 

We measure preliminarly the grain density and multiple scattering of each 
track by means of an ordinary microscope. Any track susceptible of being 
a strange particle is studied in great detail. No positive K-meson is found 
among the slow prongs. The eleven prongs consisting of protons, deuterons 
and «-particles (Table V) have a total kinetic energy of 265 MeV and a total 
energy of 120 MeV was expended when they were released from the nucleus. 
The latter is obtained by assuming a separation energy of 8 MeV per nucleon 
for proton and deuteron and a separation energy of the same value for an 
a-particle. The neutral prongs could have a total energy of 1.25(265 +120) (38) 
or 481 MeV. Altogether, the total sum of energy expended in emitting the 
heavy prongs is 0.866 GeV. The three strange particles have a total kinetic 
energy of 212.5 MeV, a rest energy of 1001.5 MeV (supposing =*, X to be 
created from neutrons) plus the separation energy of a neutron from the parent 
nucleus 8 MeV, i.e. a total of 1222 GeV. 

Among six tracks at minimum ionization, half of them with dip angles 
greater than 30° cannot be identified. The other half, tracks 2, 8, and 9 with 
smaller dip angles can be identified as 7-mesons. Track 9 has a length of 
1 em in plate 24, shows a large deflection in the next plate and comes to end 
in the emulsion with a two prong o-star. This negative x-meson traverses 
six plates and has a kinetic energy of 47.5 MeV. Ionization and scattering 
measurements made on the 1.45 em trajectory before deflection prove it as 
well to be a x-meson. Tracks 2 and 8 at minimum ionization traverse the 
24 plates of the stack, and can be followed through 22 plates. Track 2 has 
a mean dip angle of —19°, a mean grain density of (12.06 + 0.18) grains 
per 100 um and a mean scattering angle of 0°.0885 for a 100 um cell (see Ap- 
pendix II). Ionization and scattering identify this track as a ~-meson, and 
energy at emission is (233 + 40) MeV. Track 8 is emitted at a dip angle of 
__ 12° and becomes less steep, — 5°, in the last few plates. It has a mean 
grain density of (12.63 + 0.13) grains per 100 um. The mean scattering, 0.158° 
for a 100 pm cell, indicates a 7-meson. Energy at emission is (126 + 20) MeV. 
The average energy, kinetic plus rest energy, of the identified ~-mesons in 
this interaction is 275 MeV. Supposing all the shower particles of this star 
are x-mesons with the same average energy as the identified ones, then the 


(18) R. H. Brown, U. CAMERINI, P. H. FOWLER, H. Hærrzer, D. T. KING and 
C. F. PowELL: Phil. Mag., 40, 862 (1949). 
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total energy of the minimum ionization tracks will be 5 X275 or 6 x 275 MeV, 
depending on the presence of à charged or neutral primary. Assuming three 
neutral z-mesons to be emitted with the same kinetic energy as the charged 
ones, we have an energy of 3 x 271 for all of them. The energy for all 7-mesons 
is then 2188 or 2463 GeV. The total energy of all the prongs of the primary 
star, except the neutral strange particles, is 4276 to 4551 GeV. 


5. — Conclusion. 


The measurements show that each strange particle is emitted nearly pa- 
rallel to the emulsion surface. The direction of the negative K-meson makes 
a small angle of 3° with its projection in the plane containing the hyperon 
pairs. Since no track parallel to the emulsion surface could be taken for the 
primary, the strange particles must be produced either by a neutral primary 
or by a secondary particle resulting from the first collision. If one considers, 
as usual practice, the captured hyperon to be a X-, then each of the strange 
particles should have strangeness — 1. If conservation of strangeness holds 
for multiple production as in the case of associated production, then three 
pairs of strange particles should be emitted. In addition to the three Strange 
particles observed, there should be a simultaneous emission of another three 
with strangeness +1, i.e. 6°, K° or K* mesons. If there is any positive K meson, 
it could only occur among the three minimum ionization tracks with large 
dip angles. As the interaction involves the production of two hyperons, it 
Should take place in a collision between two nucleons, e.g. 


neutron + nucleon > X2* + XY + K-+ 30°+ an. 


The strange particles must be produced simultaneously through a multiple 
process from a single nuclear collision rather than through a plural process 
from three successive collisions inside the same nucleus. It Seems unlikely 
that the production plane—the plane containing the producing particle and 
the charged strange particle—remains parallel to one another in the collisions. 
Besides, if one assumes a cross-section for double production 1/1000 times 
the geometrical cross-section of the nucleus, the probability of observing such 
a plural production event will be 10-* times smaller than that of observing 
a double production event. 

The threshold energy for the production of the above three pairs of strange 
particles is 2.48 GeV in the C.M. system of two nucleons and it will be 4.95 GeV 
in the laboratory system by non-relativistic calculations. The minimum energy 
of the primary neutron should be 8 GeV, a relativistic correction will bring 
it to about 14 GeV. So, the primary particle responsible for this star must 
have an energy greater than 14 GeV. 
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If the negative hyperon were an anti-hyperon, an alternative interpretation 
might apply. The interaction involves the creation of a pair of hyperons in 
association with another pair of K-mesons, i.e. 


neutron + nucleon > X* + >" + K+ 6°+ nz + neutron + nucleon. 


It is more probable to consider this interaction as a plural process. A hyperon 
pair is produced in the first collision, and a secondary from the first collision 
produces the K-meson pair. The probability for a plural process is increased. 
by a factor 10%, but the coplanarity of strange particles can only be explained 
as purely accidental. 

Another probable example (1°) found recently in the G-stack was produced 
by a cosmic primary with an energy more than 15 GeV. Four strange par- 
ticles were emitted in this interaction: a positive K-meson decaying at rest, 
a hyperon Y decaying in flight and a pair of K-mesons identified by ionization 
and scattering. This event may be interpreted as the production of a K*-meson 
in association with a hyperon and a pair of K-mesons. The strange particles. 
in the photograph (?*) appear to have small dip angles relative to the emulsion 
surface, i.e. to say, the two production planes do not differ very much from 
each other. This example together with ours is in favor of a multiple pro- 
duction. 

It is still premature to calculate the relative frequency between multiple 
and double production events from an estimation based on a small number 
of examples actually available. There is one multiple production event among 
15 associated events in the G-stack. The ratio between multiple and all asso- 
ciated events is greater than 1/14, if we eliminate one event in which the primary 
has not enough energy to produce more than two strange particles and keep 
the others of which we have no information about the primary star. On the 
other hand, if we take all cosmic ray associated events observed in nuclear 
emulsions (Table VI, Appendix I), except a few where the primary has not 
sufficient energy, we obtain 30 associated events against 2 multiple events; 
the ratio is 2/30, or 0.07. This ratio will decrease to about 2/130 or 0.02, if 
we include all the associated cosmic ray events observed in cloud chambers 
(Table VI, Appendix I). The latter comparison may not be adequate, because 
the technique of detection by cloud chambers is quite different from that by 
nuclear emulsions, and furhter, in most cloud chamber examples, the primary 
star was not observed, so we have no idea about the primary energy. At 
present, the large ratio, 0.07 would seem more probable. Therefore in two- 


(19) D. F. Fara, M. W. FRIEDLANDER, F. ANDERSON, W. D. B. GREENING, 
S. LIMENTANI, B. SECHI-ZORN, C. CERNIGOI, G. Iprnertt and G. Porani: Nuovo Oi- 
mento, 5, 1203 (1957). 
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nucleon interactions in the energy region of 15 or more GeV, there may be 
an appreciable proportion of multiple production events. Some theoretical 
studies of multiple production process have been done by Domoxos (?*). With 
the development of high energy accelerators, we may expect to have more 
examples of multiple production events in the future. 


* * * 
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APPENDIX I 


TABLE VI. — Associated production events observed in cosmic rays. 


Dn 
Inter- Strange 2 Remarks References 
action particles © 
(MR (Ch) 3 V° 1 | 2 originated in gas MCCUSKER et al. (21) 
13+10x | (Em) rt +3 |1|Z>r+n Lau et al. (22) 
14+2n (Em) Kt+ K7 1 | K™ 308 um » 
C.R.+Pb | (Ch) A+ 60 1 | A° identified BRIDGE et al. (23) 
27+ 9p (Em) K* + Ve 1 | V° may be A° or 60 DEBENEDETTI et al. (24) 
214-7p (Em) $H*+ + 1 — » 
ptr (Ch) 60+ A0 1 — THOMPSON et al. (25) 


(22) G. Domoxkos: private communication. 

(21) C. B. A. MoCusxer and D. D. MiLLeR: Nuovo Cimento, 8, 289 (1951) 

(*?) D. Lat, YASH PAL and B. PETERS: Conference of Bagnére-de-Bi 
Proc. Acad. Sci. Ind., 88, 398 (1953). À el 

(2) H. BRIDGE and B. Rossi: Conference of Bagnère-de-Bigorre (1953). 

(4) A. DEBENEDETTI, C. M. GARELLI, L. TALLONE and M. ViconeE: Nuovo Cimento 
12, 369, 466 (1954); Suppl. Nuovo Cimento, 1, 249 (1955). 

(2) R. W. THompson, J. R. BurwELL, R. W.-Huecet and C. : 

, . » BR. W. ey SS : 

Phys. Rev., 95, 1576 (1955). LR 


? 
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TABLE VI (continued). 


‘Inter. S | a 
HE | pa 2 Remarks References 
action Une particles 5 
6 | 19+3n | (Em) RS NET En DAHANAYAKE et al. (28) 
13+3p | (Em) KE 1 | 3 =r En » 
7 | 28+ 29p | (Em) t++ 1|X>r+n GOTTSTEIN (27) 
8| C.R.+Cu | (Ch) A°+00 1 Re BALLAM et al. (28) 
» | 6° + 6° 1 — » 
» VOLVO 5 — » 
| . 
9|18+4p | (Em) Kt+>" 1 | > 96 ym, to a capture star FRIEDLANDER et al. (79) 
1+2p (Em) K*+ > 1 | K* 2 interactions, decays as Kj, » 
6+5p (Em) K +K 1 — » 
| 22+3p (Em) K +{H* 1 | = » 
10 7 +p | (Em) K*+K +n 1 | x 1.5 GeV, K” captured CECCARELLI et al. (7) 
11|22+36x | (Em) K,,+2 1|XZ>r+n FowLER et al. (3°) 
12 | 18-4+-20% | (Em) Ki,4+5 i eee ee Fow er et al. (31) 
13) C.R.+Pb | (Ch) V°+V° 13 — JAMES et al. (82) 
> VOL VE 6 — D) 
141 C.R.+PD | (Ch) =-+oœpœ | 11 mt SorRELs ef al. (33) 
15 | C.R.+Pb | (Ch) A® +60 36 a TRILLING et al. (8) 
» A9 +K+ 4 | 1 certain » 
» | x +60 4 | x probable » 
» = +00 1 —- » 
» | RL 90 L — » 
» VEL VO DA PAI MIAO ) 


(26) C. DAHANAYAKE, P. E. Francois, Y. Fuysimoro, P. IREDALE, C. J. WAD- 
DINGTON and M. Yasin: Phil. Mag., 45, 855 (1954); Nuovo Cimento, 1, 888 (1955). 
(27) K. GorrsteIn: Nuovo Cimento, 1, 284 (1955). 
(28) J. BaLLam, A. L. Hopson, M. W. Martin, R. R. Rav, G. T. REYNOLDS and $. 
B. Treiman: Phys. Rev., 97, 245 (1955). 
(2) M. W. FRIEDLANDER, D. Keære and M. G. K. Menon: Nuovo Cimento, 1, 482, 
694 (1955); 2, 663, 666 (1955). 
(89) P. H. FowLER and W. C. ORTEL: Nuovo Cimento, 2, 864 (1955). 
(3!) P. H. Fowrer and D. H. PERKINS: Nuovo Cimento, 2, 874 (1955). 
(32) G. D. James and R. A. SALMERON: Phil. Mag., 46, 571 (1955). 


(33) J. D. Sorrers, R. B. LEIGHTON an 


(1955). 


(84) G. H. TriLLIine and R. B. LEIGHTON: Phys. Rev., 1 
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d C. D. ANDERSON: Phys. Rev., 100, 1457 


04, 1703 (1956). 
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TABLE VI (continued). 


à A 
Inter- De | 2 Remarks | References 
action particles wi 
= 2 oo ri [== 3 2 £ a 
16 | C.R. (Ch) K#,+.A° he = BARKER et al. (3) 
Pe) OR. (Ch) A°+ Vo ual = | LLoyD et al. (35) 
18 C.R.4+-0 (Ch) K°%+V®0 2|n+p- K°+K%+n+p ‘ 1 case | COOPER et al. (8) 
| C.R.+Cu | (Ch) V°94+V° 3 | K°+K° = 1 case | » 
» Nee 3 | ntp—>Kt+K®+n+p lease | » 
19 | 15+5n (Em) KES | 1 | = captured at rest GOTTSTEIN et al. (38) 
20| 4+1(?) | (Em) K*+X" | 1 | © captured at rest (probable) | BaccHELLA et al. (3%) 
21 | 38+-4p (Em) K+F* 1 — | CIOK et al. (4) 
22 | 2249p Em) Kia Yee = | FALLA et al. (19) 
Kr +> IRAN LEE | ) 
Kit > 2 | = captured at rest | > 
Ki,+ z+ 2 | 1 event in reference (31) | » | 
K* +F* 2-|-t4Heycor *Hey; 1 E* (1) | » 
Rees re DA are » 
K°+Y+(rK)| 1 =< | » 
+ +Y+(wK)| 1 = | » 
93 | 74m (Em) K++F* 1 | y+p-K++A | Tsat et al. (4) 
C.R.=Cosmic Rays, Ch —Clou1 Chamber, Em =Nuclear Emulsion. 


(85) K. H. BARKER, M. S. Coates and B. R. FRENCH: Suppl. Nuovo Cimento, 4 
319 (1956). 

(35) J. L. LLoyn and A. W. WOLrENDALE: Phil. Mag., 1, 93 (1956). 

(7) W. A. CooPER, H. Finrautu, J. A. NEWTH, G. Perrucct, R. A. SALMERON and 
A. ZIcHICHI; Nuovo Cimento, 5, 1388 (1957). 

(**) K. GOTTSTEIN, B. RoEDERER, J. VARSHNEYA and P. WALOSCHEK: Suppl. 
Nuovo Cimento, 4, 440 (1956). 

(8°) L. BaccHELLA, M. Dr Corato, M. Lapu, R. Levi SETTI, L. Scarsr and G. 
Tomasini: Suppl. Nuovo Cimento, 4, 465 (1956). 

(9) P. Ciok, M. Danysz, J. GrERULA, E. SKRZYPOZAK and A. WROBLEWSKI : 
Suppl. Nuovo Cimento, 4, 619 (1956). | 
(#) Tsar-CHü, B. CHEMEL and §. Desprez-REBAUD : Nuovo Cimento, 9, 192 
(1958). 
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APPENDIX II 


For inclined tracks with low grain density, it is more convenient to measure 
multiple scattering by the tangent method. The scattering angle for a double 
cell is equal to the mean angle of two successive basic cells. Let A0,, A?0, 
and A6,, A?0, be the scattering differences corresponding to second and third 
ordinate differences of basic and double cells, we eliminate the noise (e) by 
the following formulas: 


(AG = (st) de, 


2 


(A0,)® = AK) +3, 


and for higher order difference 
(A?6,)? = 3(L.06K, st)? + e'?, 


(A20,) = 3(1.06K,s?)? + 


Scattering of inclined tracks (track 2) is calculated from the last two formulas. 


BLASS UN DOe(*) 


Tre particelle strane sono emesse da una stella del tipo 14 + 5p trovata nel Sar- 
dinia stack $36. Sono: 1) un iperone negativo catturato a riposo; 2) un iperone posi- 
tivo che decade in volo e 3) un mesone K negativo che interagisce in volo. Nel presente 
studio si danno misurazioni dettagliate di ognuna di tali particelle. Le tre particelle 
strane sono coplanari. Ognuna ha lo stesso numero di stranezza. Evidentemente in 
questa interazione sono emesse tre coppie di particelle strane. Ma, se l’iperone negativo 
fosse un antiiperone le coppie emesse dovrebbero essere due. Sembra molto probabile 
che le particelle strane siano prodotte tramite un processo multiplo anzichè plurimo. 
In conclusione il presente lavoro dà un valore di massima del rapporto di frequenza 
tra eventi da produzione multipla e tutti gli eventi associati interessanti due o più 
particelle strane identificate. Il rapporto è dell’ordine di 0.02 a 0.07 per interazioni 
fra due nucleoni nell’intervallo di energia di circa 15 MeV. 


(*) Traduzione a cura della Redazione. 
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The Kinematics of Meson Interactions within Nuclei (*). 


K. M. WATSON and C. ZEMACH 


Physics Department, University of California - Berkeley, Cal. 


(ricevuto l’11 Luglio 1958) 


Summary — The optical model of the nucleus, which has proved useful 
in the study of coherent seattering processes, is applied here to the 
inelastic scattering of x-mesons by nuclei. Various aspects of meson 
and nucleon kinematics as modified by the presence of the optical model 
potential are discussed. Formulae and numerical results which relate 
free pion-nucleon cross sections to cross sections for pion-nucleon col- 
lisions within nuclei are also given. They indicate that the coherent 
effects described by the optical model play an important role in the 
inelastic scattering of mesons. 


1. — Introduction. 


The interactions in which z-mesons are scattered by atomic nuclei are 
qualitatively of two kinds, those which leave the nuclear state unaltered (elastic 
or coherent) and those which excite the nucleus, or are inelastic. The elastic 
scattering results from interference of coherent waves scattered from all parts 
of the nucleus, and reflects the properties of the nuclear medium as a whole. 
These properties are expressed by means of a potential well, conventionally 
termed the « optical model potential » (1), which serves to deseribe how a pion 
propagates through a nucleus without loss of energy. 

In addition to these elastic processes, the scattering of high energy pions 
is often accompanied by energy transfers large enough to excite one or more 
nucleons above the nuclear Fermi energy. Such inelastic events are commonly 
attributed to a sequence of pion collisions with single nucleons within the 
nucleus, with interaction strengths given by the known free pion-nucleon 


(*) This work was supported in part by the National Science Foundation. 
() S. FERNBACH, R. SERBER and T. B. Taytor: Phys. Rev., 75, 1352 (1949). 
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cross-sections. If coherent effects are ignorable, then inelastic cross-sections 
may be obtained by the « Monte Carlo » technique which computes the clas- 
sical trajectories of a beam of pions that scatter incoherently from an assembly 
of nucleon targets (25). In this scheme, the exclusion principle forbids coi- 
lisions which place the recoiling nucleon in a momentum state already occupied 
by a similar nucleon. The consequence is to limit the number of inelastic 
collisions a pion may suffer; a pion with, say, 100 MeV kinetic energy is 
seldom scattered more than once or twice in its journey through a heavy 
nucleus. There is, of course, no limitation of this kind on the elastic scattering 
processes. 

We wish to suggest that the coherent processes in the nuclear medium, 
as evidenced by the elastic cross-sections and characterized by the optical 
model potential, may affect significantly the calculation of inelastic cross- 
sections by the Monte Carlo method. Not only is the effective kinetic energy 
at which pion-nucleon collisions occur displaced, but the dispersive nature 
of the medium (the variation of the potential with pion energy) alters the 
magnitudes of pion flux and the density of states. Expressed differently, the 
optical model potential may give the meson an « effective mass » which varies 
with energy and is quite different from its actual mass. This view-point is, 
of course, familiar in the study of transport phenomena involving electrons 
in solids. 

In the present work we shall pursue the implications of this point. That 
is, we shall use the optical model potential, as inferred from dispersion re- 
lations, to determine the modified kinematics of meson propagation in nuclei. 
The results will be applied to a discussion of pion scattering by neutrons and 
protons within nuclei and some comparisons with experiment will be given. 
We find that the dispersion in the nuclear medium affects markedly the energy 
spectrum of mesons emitted at a given angle, as well as the magnitude and 
angular distribution of cross-sections for incident pion energies up to a few 
hundred MeV. 

Although calculated results are presented for this entire energy range, we 
must emphasize that near the «resonance » energy for pion nucleon scattering, 
the very strong interactions limit the accuracy of the approximations upon. 
which our simple model is based. In this region, the elementary theory des- 
cribed here must be regarded as qualitative at best. Nevertheless, we expect 
that in the resonance region as elsewhere, no theory which aims at quanti- 
tative agreement with experiments on nuclear scattering of mesons can afford 
to neglect the role of coherent effects. 


(2) R. SERBER: Phys. Rev., 72, 1114 (1947). 
(3) M. L. GOLDBERGER: Phys. Rev., 74, 1269 (1948); N. METROPOLIS et al. : 


Phys. Rev., 110, 204 (1958). 
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2. — The optical model. 


From a formal point of view, the optical model treats the elastic scattering 
of pions by nuclei exactly. We contemplate, in the present paper, pion energies 
quite small compared to nuclear rest energies. Hence we neglect at the outset 
the recoil of the nucleus in an elastic interaction. Then such interactions are 
described rigorously if we choose a suitable potential V and write a Schro- 
dinger equation for the meson wave function y(r): 


(1) oy (r) +] ¢ |V ir > dér'y(r') = Ey(r). 


The energy © is (p?+u)? where p is the momentum operator for the pion 
and w its rest mass. The potential is expected to be non-local and, in con- 
sequence of absorbtive processes, non-Hermitian. 

From a practical standpoint, it is desirable that the form of the potential 
be simple and, moreover, that it be related to the dynamics of pion-nucleon 
interactions. For these reasons, the potential is written in an approximate 
form (1) 


(2) Ir =0 (" 57 Wir), 


where o(r) is the nuclear density. As a further simplification, o(r) is nor- 
malized to unity when r lies within the nucleus and is zero otherwise. 

The «well depth» V, of the optical model potential is the Fourier trans- 
form of W: 


(3) VE) — exp [- iK-r]W(r) dr. 


Thus, when the potential acts upon a plane wave exp [iK-r], we have, if the 
nuclear radius is large compared to Æ-1: 


(4) V exp [iK-r] & o(r)V,(K) exp [iK-r]. 


Approximate solutions to (1) may then be sought in which an incident plane 
wave is coupled to a plane wave within the nucleus: 


(8) p(r) ~ exp [igor], r outside the nucleus, 
y(r) ~ exp [iK-r], r inside the nucleus. 


(*) For a derivation of this equation, see R. M. FRANK, J. L. GAMMEL and 
K. M. Watson: Phys. Rev., 101, 891 (1956). 
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The energy-momentum relations now have the form 


(6) B= (qq + pw?) = & + 4 
and. 
(7) B= (K? Fr) + V,(K) = e(K) +4 


Taken together, Eq. (6) and (7) determine the momentum change suffered by 
a pion upon entering a nucleus. The well depth V, may be regarded, equi- 


k (MeV/c ) 


[w-p] (MeV) 


J 
1600 2000 


(esp ie SA pre 
0 400 800 1200 
Fie. 1. — (a) V. is shown as a function of the pion momentum % within the nucleus. 
(6) V,, and V, are shown as functions of (0(k) — 4). 
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valently, as a function of the incident pion kinetic energy & = E — yp, or of 
do, or of K. It is, in general, complex; the real and imaginary parts of Vp 
are specified by the notation 


(8) Vs = Ver. 


On the basis of the Serber model (2), one can relate V, to the pion-nucleon 
interaction. Indeed, to a reasonable approximation, V, is proportional to 
f(K), the amplitude for forward scattering of pions by nucleons (4). Further, 
V,(K) is an analytic function of the complex variable (K°-- u*)} in the upper 
half plane, and may be explicitly calculated from the dispersion relations 
of GOLDBERGER (5). The quan- 
tities V, and V, so calculated 
are shown (with the inclusion 
of a correction for true absorp- 
tion of pions (#4) in Fig. 1). 

It is clear from (7) and (8) 
that the pion momentum XK 
within the nucleus is complex. 
Setting K = k-+in, we see that 
n and V, have the same sign 

and, from Fig. 1, both are posi- 
Ten ee NT dela a tive. The plane wave exp[iK-r] 
is exponentially damped as 
the pion propagates through 
the nucleus. The quantity (27)-1 
is then identified as the mean 
free path 4 for the absorbtive effects characterized by V,. In Fig. 2, 7 is given 
as a function of the pion momentum k& within the nucleus. This is taken from 
Table I of reference (2). In Figs. 1a and 2 we have increased the quantities 
of reference (*) by a factor of 1.6. This corresponds to changing the nuclear 
radius parameter 7, from 1.4 to 1.2, which now seems a better value. For the 
purposes of the present paper, we accept as correct the optical model para- 
meters given in these figures. 
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Fig. 2. - The imaginary part of the momentum 
K is shown as a function of k. 


(5) M. L. GOLDBERGER: Phys. Rev., 99, 979 (1955); M. L. GoLDBERGER, H. Miya- 
ZAWA and R. OEHME: Phys. Rev., 99, 986 (1955). The numerical values for the dispersion 
integrals were taken from H. L. ANDERSON, W. C. DAvIDON and U. E. Kruse: Phys. 
Rev., 100, 339 (1955) and from R. Coon, 0. Piccroni and D. CLARK: Phys. Rev., 103, 


1082 (1956). Similar evaluations have been made by R. STERNHEIMER: Phys. Rev., 
101, 384 (1956). ì 
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3. — Pion kinematies in nuclei. 


The calculation of a cross-section entails, first of all, a knowledge of the 
velocity of the particles which make up the incident beam. In a quantum 
treatment, one ordinarily constructs wave packets of fairly well defined energy 
and makes use of the mean group velocity dH(K)/dK of the waves. As is 
well known, the group velocity coincides with the classically defined. particle 
velocity when E(K) denotes the energy of a free particle. We must now con- 
sider in what sense this proceedure is applicable to the pion-nucleon collisions 
which occur in a nuclear medium. 

In order to use the model discussed in the previous section, we must re- 
quire that the breadth of a meson packet be small compared to à nuclear 
diameter. Otherwise, one cannot specify whether the meson is truly inside 
or outside of the nucleus during its time of interaction. A further limitation 
is that the packet breadth not exceed a mean free path for absorbtion, for it 
is difficult to speak of the propagation of a particle when it is already half 
absorbed, initially. On the other hand, the packet must maintain its loca- 
lization at least until is has an opportunity for a collision. Consequently, the 
spread of a packet in the time needed to cover a mean free path length must 
be small compared to the breadth itself. 

We consider, for simplicity, a one dimensional packet (a, t), wholly within 
the nucleus, which at t= 0 is represented as 


+ © 


(9) p(w, 0) = | a(K —Q) exp [iQa] dQ - 


— 


For illustrative purposes, we select a Gaussian packeting function 


= (K —Q)? 
(10) a(K —Q) = (Apv27)" exp |— — ) 
so that 
5 x? 
CEL) (a, 0) = exp [ikaw] exp [= (Ax)? ; 


with Aw == (Ap). 

To obtain the time dependence of y, we first deform the path of integration 
into the upper half plane so that the variable Q passes through all values 
Q,+iQ, which, by Ed. (7), appear as momenta corresponding to a real energy. 
The wave function is now represented as a superposition of eigenwaves in 
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the nucleus. Consequently, 


(12) w(x, t) = [eur — Q) exp [i(Qx — E(Q)t)|dQ . 


We approximate H(Q) within the region of integration by the initial terms of 
a Taylor series about K: 

o 1 dE 
(13) EQ) = HK) + (Q—K) +5 0-1: 


The integral remains of gaussian type so that 


(e — (d#/dK)t)? 
Fe 2a 4 


(14) px, t) = exp [i(Kx — E(K)t)] exp 


with 


Equation (14) suggests that AZ/dX be interpreted as the velocity of the packet, 
but this is only possible when d#/dK is real. If not, we separate the deriva- 
tive into real and imaginary parts, and define a « group velocity » va by 


d# 


(15) dk 


= Ve + Wa. 


Thus, v, represents an approximate propagation velocity of the packet if we 
May Suppose w, small and if, further, the packet does not spread so rapidly 
as to lose its meaning. Even if dEJAK & v, and d@H/dK? ~ v, were real, 
the width Ap in momentum Space must still be narrow enough to permit the 
expansion (13). The latter leads to 
(~— a 
? 


te) pee = exp | EE 


where the spread A, at time t is given by 
2 


dus È 
dk Ax 


a (Avw)* = (Aa) + | 


Imposing the conditions that Ar be less than the mean free path À, and that 
(v,t/Aæ) be less than Ax if t < A/v,, we are led to a consistency requirement: 


(18) — <<. 
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To obtain numerical values from these quantities, we rewrite Eq. (7) as 
mi \ : 
(7°) E(K) = E(k + in) & E(k) + n= & +. 


From Eqs. (7) and (8), we obtain V,—v,7 and o(k) +V, = tu. Strictly 
speaking, the mean-free-path and thus 7 should now be recalculated from the 
cross-sections of Sect. 6 and V, 
should be obtained from this.  ,, As 
Since it is not important for i 
our conclusions, we shall use 
the values of 7 taken from  % 
Fig. 2. In Fig. 3 are given E 
the resulting values of V, and 
V, as functions of &. A 
In Fig. 4 are shown the 
momentum k vs. £, and (for com- 
parison) the free particle mo- 
mentum @ 28. Eo— (4 +?) — 
In Fig. 5, the group velocity 
defined by (15) is displayed as “z0l È 
a function of the pion momen- 
tum within the nucleus. The 


o (MeV) 


€, (MeV) 
as 


imitati $ : na a PET 

limitations upon the values of 805 "san ur Ti 200 
v, are not met in the resonance — Fig. 3. — V, and V, are shown as functions of 
region where V,(K) has à po- e = O(q) — 4 the kinetic energy of the pion 


sitive slope. This interval is, | outside of the nucleus. 
in optical terminology, the re- 
gion of «anomalous dispersion ». It is the region in which absorption is large, 
where the group velocity exceeds the particle velocity and may exceed the 
velocity of light. As in the optical case, the identification of v, with a velo- 
city of energy transport fails under such circumstances. 

Although the given theory breaks down in the region of anomalous dis- 
persion, it is desirable that some qualitative guide to the magnitudes of par- 
ticle fluxes and inelastic cross-sections be obtained for energies near resonance. 


© An analogous situation has been considered long ago by Brillouin (°): the 


propagation of the wave front of a half infinite light wave through a disper- 
sive medium. Brillouin made use of the known analytic form of the index 
of refraction (due to resonating pound electrons), a form similar to that of 
the optical model well depth. He showed that the wave front propagates 
with a fairly well-defined velocity for all frequencies. This «signal velocity » 


(6) L. BRILLOUIN: Ann. Phys., 44, 203 (1914). 
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agrees with the group velocity for normal dispersion, but parts company ne 
it, remaining close to, but less than, the speed of light in the anomalous region. 

Motivated by this example, we shall likewise «smooth out» the group 
velocity curve, obtaining the dashed curve in Fig. 5 which approximates the 
speed of light in the anomalous region. There is, indeed, no necessity for a 


100 


Eq (MeV) 


Bs Fe NS 
0 100 ~ 200 300 400 


Fig. 4. - The momentum & of a pion in the nucleus is shown as a function of the 
energy eo (Eq. (71)). For comparison, the momentum % Of a free pion is also shown 
as a function of e, (Eq. (6)). 


packet to have a well-defined velocity such as possessed by the wave front 
in Brillouin’s example. We hope, however, that this adjustment of v, ap- 
proximates a relatistic velocity with which to calculate particle fluxes and that 
a qualitative indication of dispersive effects in inelastic scattering 
sonance may thereby be obtained. 

We note, finally, that a conservation equation for 
obtained for wave packets described as in (12). 
P(x) is proportional to y*y, so that 


near re- 
meson current may be 
The meson probability density 
(19) P(x) & [dQ dQ'a(K — Q)a*(K — Q') exp [i(Qx — E(Q)t) |- 

‘exp [— i(Q'x — E*(Q'}t)]. 


N 
ini 
Ss 
co 
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The Q and Q’ integrations may be carried out along the real axis. The appli- 
cation of i(0/0t) to P(x) brings under the integral sign in (9) a factor of 


i i 
0 100 do — — 300 700 


Fig. 5. — The pion group velocity V, is shown as a function of the momentum k within 
the nucleus (Eq. (15)). The corresponding free particle velocity k/w is also shown. 
The dashed curves represent conjectured values, consistent with v,<c. 


E(Q) — E(Q'), while an application of— i(0/0x) yields a factor of (Q—Q’). 
Separating Æ into real and imaginary parts, E = E,+iE,, we have 
E(Q) — E*(Q')= E(0) — BQ) + i[E.(Q) + B.(Q')] & (@ — Q)o(K) —2iV(E), 


subject to the limitations previously discussed. Hence, we infer that 


(20) È pe) + È MPA] = 27 (PA, 


which shows, for sufficiently narrow packets, how the instantaneous change 
in density in a small region is due to a flow of probability with velocity v, 
and to an absorbtion of probability into the medium. 


4. — The cross section for pion-nucleon scattering within nuclei. 


Consider first the scattering of a meson of momentum ky against a free 
nucleon at rest. Let the scattered pion have momentum K and the nucleon 


a momentum 


0a ba Kk 
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The final energy is 
(21) w(K) + (Q? + M2} = w(k,) + M. 
The differential scattering cross-section is 


\ U ko | 
) = { [eau ote + (Q? + M?)t — w(ky) — mM) (aay Oe rele : 


(de 
dQ 


Here t is the «scattering operator» (7) and an average and sum over initial 
and final nucleon spin states is implied. Carrying out the integration over 
K gives 


d 
(22) (70) = CM, 
where 
| @(ky) HK? 
STRA 
(23) EX Se 
| B=Ê- FE — (Q? + M2)-1(k0— K)|. 


In these equations the value of K is defined by Eq. (21). 

To obtain the cross-section when the nucleon is bound in a nucleus, we 
assume that ¢ is the same as for a free nucleon. This may be justified in a 
qualitative way: First, if the scattering interaction is weak, so t is given in 
Born approximation from some potential, the assumption is evidently valid. 
On the other hand, if the pion-nucleon interaction is very strong and of short 
range (as actually seems to be true), we argue that high energy virtual tran- 
sitions determine ¢. For these, however, the optical model potential should 
be relatively unimportant. We shall actually take 


(24) trouna( 9) =) tie (0) i 


That is, the free and bound quantities ¢ are considered equal for the same 


scattering angle 0. This is somewhat arbitrary, but seems consistent with our 


semi-quantitative discussion. 
It is useful to define the «effective mass » of a pion as u*, where 
it dH 
25 ora de 
(25) nadia 


(7) M. GELL-MANN and M. L. GOLDBERGER : Phys. Rev., 91, 3953). 


3424 


rl su dé Ds 


THE KINEMATICS OF MESON INTERACTIONS WITHIN NUCLEI 463 


Thus v, = k/u*, if w, is neg- 900 
ligible in Eq. (15). The 
energy È is defined by Eq. 
(7). In Fig. 6 we display 70€ 
u* as a function of the pion 600 
momentum. 


800 


The energy conservation a 


equation (21) is now re- 400 


placed by 
300 


jt 


(26) E(k)-+(Q?+ M?)?= 200 


= o(ko) + M, 100 k (MeV/c ) 
e E spin af te oneri e via ANE 
suppose the imaginary part cleus. Also shown is the relativistic «free particle 
of E to be neglected and mass» @. 

write the cross-section for 

scattering from a bound nucleon [(v,)) is the group velocity of the incident, 
pion] as: 


do A da : à hy pe 
(E { fie an ace + (0+ 2) — o) — MI} (ey 


“th. 


0 


Evaluation of the integral above leads to (the scattering angle 0 is the. 
angle between k, and k) 


do(0) 


(27) » = (2n)F|i}, 


in analogy to Eq. (22). Here 


ue 
sa eB’ 
go 


The expression for B may be improved by replacing M by the effective nucleon 
mass M* in nuclear matter. For the computation of the next section we have 
used Brueckner’s and Wada’s (*) value M*=.6 M at very low energies and 
joined this to that obtained from the nucleon optical model potential at higher 


energies. 


(8) K. A. BRUECKNER and-W. Wapa: Phys. Rev., 103, 1008 (1956). 
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The relation (27) has also been obtained in the course of a discussion of 


quantum mechanical transport phenomena (°). 
Equation (22) and (27) may be combined to give 


(29) È = = (Se) , 
dQ bound F; dQ, free 


5. — Calculated cross sections. 


The function F, of Eq. (23) is given in Fig. 7 for several incident momenta 
k, and scattering angle 0. In Fig. 8 we give corresponding values for the 
function Y of Eq. (28). From these 
we may relate the «free » and « bound » 
Scattering cross-sections, as given by 
Eq. (29). 


20 


Intercept 
at 22.2 


/ 


cos 4 


2 02 06 10 


= 


Fig. 7. — The function F, of Eq. (23) 
is shown for several values of k, and 
the scattering angle 6. 


10006 


Fig. 8. — a), b) The function F of Eq. (28) 
is shown for several values of ko and 
scattering angle 6. 


From Eq. (29) we have obtained the cross-section for inelastic scattering 


of 125 MeV pions on carbon. Multiple Scattering corrections were neglected, 


(9) K. M. Watson: submitted to the Phys. Rev. 
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except for a simple exponential attenuation of the incident wave. In Fig. 9 
the resulting calculated cross-section is compared with that measured by 
KESSLER and LEDERMAN (1°). It is evident from Fig. 9 that the absolute 
magnitude of the cross-section is not very well obtained from our calculation. 


TM +C—> T+C (125 MeV) 


——— Free scattering 
Optical model 


Fig. 9. — Comparison is made of calculated inelastic scattering of 125 MeV pions with 
measurements of KESSLER and LEDERMAN on carbon. 


This is very sensitive, however, to the value of the mean free path. It is also 
not at all evident that our corrections are reflected in the experimental cross- 
sections. It is unfortunate for our comparison that the energy at which this 
experiment was done corresponds so closely to the resonance energy for scat- 
tering in nuclei. At this energy we do not anticipate any quantitative relia- 
bility for our calculation. | 


6. — Discussion of results. 


We have seen that dispersive corrections to pion scattering in nuclei are 
by no means negligible. Indeed, near the resonance energy for pion-nucleon 
scattering these are too large to be handled adequately by the conventional, 
simple theory which has been used. 

Our discussion has assumed that each inelastically scattered wave interacts 
continuously with a quiescent nuclear medium. When the particles in the 


(0) J. O. KessLer and L. M. LEDERMAN: Phys. Rev. 94, 689 (1954). 
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medium are strongly correlated, the local disturbance caused by an inelastic 
scattering may modify the medium, causing our arguments to be invalid. 
The conditions under which this is expected to occur have been discussed 
before (11). From this discussion we may expect our assumption of an un- 
disturbed medium to be valid when the deBroglie wavelength of the scattered 
particle is large compared to the distance over which nucleons are correlated 
in nuclei. For a degenerate Fermi gas model this distance is roughly ie 
where P, = 270 MeV/c. Thus for pion energies below resonance, for which 
the dispersive corrections are most important, we expect our assumption of 
an undisturbed nuclear medium to be valid. 

Finally, our evaluation of the optical model potential has been based on 
the first approximation, which gives the potential as linear function of the 
forward scattering amplitude for pions on free nucleons. The second approx- 
imation is also rather simple at high energies (see, for example, Eq. (83), re- 
ference (11)). 

To write this out, we must first introduce the nuclear pair correlation 
function G(r): Let P,(Z,) be the probability of finding nucleon «1» at Z 
within the nucleus and let P,(Z,, Z,) be the joint probability of finding nuc- 
leon «1» at Z, and nucleon «2» at Z,. Then 


(30) P(Z,, Zz) = P,(Z,) P,(Z2) [1 + G(|Z, — Z.|)] 
defines G. Let 


(31) Ro= |G{r)dr, 
E 
Ar bre Vator, 
(32) 
| A; = hs 


where £ is given by Eq. (6). Then the optical model potential, correct to 
second order is 


(33) Vos ete i Ay). 


The quantities V, and V, here and in Eq. (32) are those of Eq. (8) and 
Figs. la and 14. 


(1) K. M. Watson: Phys. Rev., 105, 1388 (1957). 
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Except near the resonance energy, the quantities A, adn A, do not give 
a very important correction to Eq. (33). 


04 
03 


0.2 


E, (MeV) 


400 600 800 1000 


Fig. 10. — The functions 4, and A, of Eq. (32) are given as functions of To 


For example, assuming a degenerate Fermi gas model of the nucleus, we 
estimate R, = — $7, (where 7, is the mean radius per nucleon). For this value 
the resulting quantities 4, and A, are plotted in Fig. 10. 


We are indebted to Professor L. M. LEDERMAN for informing us that he 
also has considered the effect of the optical potential on inelastic pion cor- 
rections (!2). 


(2) Unpublished. 


RIASS ON TO (*) 


Si applica qui il modello ottico del nucleo, che si è dimostrato utile nello studio 
dei processi di scattering coerenti, allo studio dello scattering anelastico dei mesoni y 
da parte dei nuclei. Si discutono vari aspetti della cinematica dei mesoni e dei nucleoni 
in quanto risulterebbero modificati dalla presenza del potenziale derivante dal modello 
ottico. Si danno anche formule e risultati numerici che mettono in relazione le sezioni 
d’urto pione-nucleone libere con le sezioni d’urto delle collisioni pione-nucleone entro 
i nuclei. Se ne trae l'indicazione che gli effetti coerenti descritti dal modello ottico hanno 
notevole importanza nello scattering anelastico dei mesoni. 


(*) Traduzione a cura della Redazione. 
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(ricevuto il 17 Luglio 1958) 


Summary. — Results are reported on the total and differential cross- 
A° +99 

sections for the reactions z~+p >> +0, at 910, 960, 1200 and 1300 MeV 
ao +K 


using hydrogen and propane bubble chambers in a magnetic field of 
13.4 kG. The chambers and their operation, as well as the method of 
analysis are described in detail. 


1. — Introduction. 


The associated production of heavy mesons and hyperons in pion-proton 
collisions was first observed in the Brookhaven diffusion cloud chamber (1). 
Since then these «strange particle» producing collisions have been studied 
by various groups (*‘)using bubble chamber techniques. It is our purpose 


(*) This research is supported by the Atomic Energy Commission and the Office 
of Naval Research. 

(1) W. B. Fowzrer, R. P. SHUTT, A. M. THORNDIKE and W. L. WHITTEMORE: 
Phys. Rev., 98, 121 (1954). 

(2) R. Buppe, M. CHRETIEN, J. LEITNER, N. SAMIOS, M. SCHWARTZ and J. STEIN- 
BERGER: Phys. Rev., 108, 1827 (1956). 

(8) L. Lereuner and R. K. ApAIR: Phys. Rev., 109, 1358 (1958). 

(4) G. L. Brown, D. A. GuaserR and M. L. PERL: Phys. Rev., 108, 1036 (1957). 
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here to report on an extension of this work toward higher statistical validity 
and to other pion energies. In all cases, a bubble chamber, filled with either 
propane (C;H,) or hydrogen was used, and the reactions studied were: 


1) T+pa>A°+0° a) A°>rn-+p or r+n 
2) zm+p—>X°+6° where bd) 6 +x-+7+ or 27° 
aap XK oy) Be > AP y 


d) X>r+n. 


Only the work on the cross-sections themselves is reported here. Results on 
decay modes of the A° and 6° (5) as well as the angular correlations in pro- 
duction and decay of the hyperons which are the basis of studies on the 
hyperon spins (*) and the question of parity conservation in hyperon decay (7) 
have already been reported. The results on the question of leptonic decay 
of hyperons and on the strange particle lifetimes are in preparation. 

The experimental details, not previously reported, are presented in this 
paper. Some particulars of the various exposures (i.e. chamber type and size, 
beam energy, magnetic field, number of pictures taken) are given in Table I. 


TABLE I. — Exposure details. 


fore pion Chamber Chamber eee da Analyzing 
RISSGIOREIRT size filling he o group 
(MeV) (KG) pictures 
910 12 in. diam. x 8in. | Propane 13.4 24000 Bologna 
960 12 in. diam.xX6in. | Hydrogen 13.4 15000 C.U.-B.N.L. 
1200 12 in. diam. x 8 in. | Propane 13.4 20000 Pisa 
1300 12 in. diam.x 8 in. | Propane 13.4 18000 C.U.-B.N.L. 
1300 6 in. diam. x4in. | Propane — 25000 C.U.-B.N.L. 


(5) F. Erster, R. Piano, N. Samros, M. Scuwarrz and J. STEINBERGER: Nuovo 
Cimento, 5, 1700 (1957). 

(6) F. ErsLER, R. PLANO, A. PRODELL, N. Samios, M. SCHWARTZ, J. STEINBERGER, 
P. Bassi, V. Borezzt, G. Puppr, H. TANAKA, P. WaLoscHEK, V. ZoBoLI, M. Con- 
VERSI, P. FRANZINI, I. MANNELLI, R. SANTANGELO, V. SILVESTRINI, G. L. BROWN, 
D. A. Graser and C. Graves: Nuovo Cimento, 7, 222 (1958). 

(€) F. EisLER, R. PLANO, A. PRODELL, N. Samros, M. SCHWARTZ, J. STEINBERGER, 
P. Bassi, V. BoreLLI, G. PupPI, H. TANAKA, P. WALOSCHEK, V. ZOBOLI, M. Con- 
VERSI, P. FRANZINI, I. MANNELLI, R. SANTANGELO, V. SILVESTRINI, G. L. BROWN, 
D. A. Graser and C. Graves: Phys. Rev., 108, 1353 (1957). 
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2. — Description of the bubble chambers. 


Two different propane chambers and one hydrogen chamber were used in 
the course of the experiment. The 6 in. propane chamber has been previously 
described (2). It was used without magnetic field. 


21. 12in. Propane chamber. — A photograph of this chamber, 12 in. in 
diameter and 8in. deep is shown in Fig. 1. In most respects it was similar 
to the 6in. chamber in construction and operation. 

The liquid propane was maintained at a temperature of 57 °C (and a vapor 
pressure of ~ 300 p.s.i.g.) by means of two main heating elements around, the 
chamber and an auxiliary heating element below the neck. Temperatures 
were detected by means of thermo-couples attached to the chamber at various 
points. The output of one of these thermocouples was fed to a commercial 
control unit, which regulated the voltage to the main heater. The stability 
of the chamber temperature was ~ + .1 °C. 

The propane communicated through a 5in. diameter opening with a 
diaphragm located below the chamber. This diaphragm was made of a layer 
of nylon reinforced rubber faced with a layer of .007in. mylar. Below the 
diaphragm was a perforated hold plate and a chamber filled with thin oil, 
followed by another diaphragm. The chamber was actuated by means of 
compressed air acting on the lower diaphragm. The basic purpose of the oil 
was to thermally insulate the chamber from the incoming compressed air. 

Operation of the chamber proceeded as follows: 


1) The chamber was overcompressed to a pressure of 325 p.s.i.g. 


2) Upon receipt of a timing pulse from the Cosmotron, the chamber 


was allowed to expand. The expansion was completed in 10 milliseconds, at 
which time the beam was introduced. About 1 millisecond later the light 
was flashed and the pictures were taken. 


3) Recompression of the chamber followed, the entire cycle iasting for 
approximately 30 milliseconds. 


During the course of the exposures, the chamber was in a magnetic field 
of 13.4 kilogauss. 


2°2. 12 in. H, chamber. 
22.1. Geometrical arrangement, vacuum tank and optics. 


The mounting of the vaccum tank in the magnet, the suspension of the chamber 
in the tank, and the optical arrangement, are shown in Fig. 2. The tank is 
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in the form of a cross. The vertical member accomodates the chamber and 
H, reservoir assembly, as well as the major part of the radiation shield and its 
liquid nitrogen reservoir. The horizontal extensions are tubes 125 in. ID, 
extending for 24in. on either side and house radiation shields at liquid N, 
temperature, each with its own small reservoir (not shown in Fig. 2 for the 
camera arm). They are designed in order to keep the solid angle of room 
temperature radiation seen by the chamber to a sufficiently small value. 


3 WAY SOLENOID VALVE 


AIR PISTON 


DRIVING ROD 


VACUUM TANK 
oa BELLOWS EXPANDER 


12" CHAMBER 


LIGHT SOURCE 
Nee 
71 N 


CONDENSING 
LENS CAMERA 


LENS 


LIQUID 
HYDROGEN RETURN PATH 
RESERVOIR COIL 

BANK 


Fig. 2. — Schematic drawing showing the mounting of the chamber and the vacuum 
tank in the magnet and the arrangement of the light source and cameras. 


The optical system is in its basic elements and dimensions the same for 
the two 12 in. chambers. The light source is a high speed flash lamp (G.E. 
FT-220), masked to an aperture of 1} in. diameter, at a distance on — 60 in. 
from the chamber. A 124in. diameter 30 in. focal length lens is mounted 
on the radiation shield immediately behind the chamber. This illuminates a 
truncated conical region in the chamber, 11} in. diameter at the back surface, 
and 11}in. diameter at the front surface. The three lenses (Goerz-Artar 
100 mm F.L.) are located 120° apart on a 114 in. circle, 40 in. from the inside 
surface of the front glass. The film, 35 mm Linagraph-Ortho, is contained in 
interchangeable magazines (Beattie Varitron) with film plane parallel to chamber 
plane. The magnification is 1/10, and the stereo angle to the center of the 
chamber is .23 radians for each of the three pairs of views. The triangular 
optical system has the advantage, considerable from the point of view of 
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rapid, routine analysis, that the measurement accuracy is nearly independent 
of track orientation. 


9°2.2. Expansion system. — The chamber is closed at the top by 
means of a bellows, 7 in. high, 64 in. O.D., 44 in. I.D., of welded construction 
using .050 in. thick stainless steel plate. Together, chamber and bellows form 
a closed system filled entirely with liquid hydrogen. The bellows is driven 
by means of a 3kin. diameter air piston at the end of an 18 in. long, 2 in. 
diameter (1/16 in. wall thickness) hollow stainless steel piston rod (See Fig. 3). 


UP ~«<— 


PISTON CHAMBER SUPPORT 
MICARTA 
JO 3 way _ MYZAN 


PISTON ROD Sp po rale 
STAINLESS TUBE SUPPORT BELLOWS 
STAINLESS Cy 


CYLINDER 


Fig. 3. — Schematic drawing of the hydrogen chamber, hydrogen reservoir and bellows 
expansion system. 


Before expansion the bellows is compressed by means of air pressure (300 psi.) 
on the air piston. The expansion and recompression are achieved by release 
of the air and subsequent reintroduction, controlled by means of a 3 way 
valve in the same way as for the propane chamber. The speed of the expan- 
sion is controlled by an orifice between valve and piston, so that the speed 
does not exceed the capability of the bellows. The expansion cycle consists 
of a 10 ms expansion stroke, a 15 ms expanded phase, and a 10 ms recom- 
pression. The first bellows failed at this mounting after — 75 000 strokes. The 
second (present) bellows, with some improvements in the mounting, has with- 
stood — 120000 cycles without failure. Under normal operating conditions 
the H, vapor pressure is 80 p.s.i.g. and the pre-expansion pressure is 85 Dt 
We do not know the expanded pressure. The expansion stroke is — 3 em; 
this corresponds to a volume expansion of 14%. : 


22.3. Temperature control. — The chamber is supported by a housing 
surrounding the bellows and expansion rod. The lower part of this housing 
is a copper tube 7 in. high, and the upper part is a stainless steel tube, 24 in. 
diameter x14 in. high. The region between the bellows and the chamber sup- 
port, called the « bellows chamber », is connected externally to the hydrogen. 
exhaust system through a needle valve. Below the chamber, the 15 liter H 
reservoir is suspended, (see Fig. 3). The chamber is cooled by the PASE oe 
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of a small stream of liquid hydrogen directed from the reservoir on to the top: 
of the bellows, in the bellows chamber. The amount of this cooling is deter- 
mined by the fixed pressure head of about 1 psi. which impels the coolant 
flow, and the resistance of the needle valve at room temperature in the exhaust 
flow. Thermal control is by means of manual adjustment of the needle valve. 
Hydrogen consumption is }liter/h for the uncycled chamber, 24 liter/h at 
17 cycles per minute, and 4 liters/h at 30 cycles per minute. 

The chamber construction is of stainless steel, plated with } in. of copper. 
We feel however that the thermal uniformity of the liquid is achieved not by 
conduction in the copper but by convection in the liquid. 


2°3. Magnet. — A cross-section of the magnet is shown in Fig. 2. It con- 
sists of two sets of coils, each 14 in. I.D. x37 in. O.D. x7 in. deep, surrounded 
by an iron return path. There are no poles. The iron end pieces are bored 
14in. in diameter to permit illumination and photography. The weight of 
the magnet is 10 tons. The gap between coils is 11?in. Each set consists of 
14 pancakes electrically in series with the cooling water in parallel. The water 
connections are brought in on the inner diameters of the coil and leave at the 
outer. During its operation at the Cosmotron it was energized with 3000 am- 
peres at 210 volts, giving an average field of 13.4 kilogauss. The field fell off by 
4% from the center to the edges. Current in the magnet was stabilized to 


+ 2%. 


3. — Arrangement of beam and exposure. 


The experimental arrangement at the Cosmotron is shown in Fig. 4.. The 
circulating proton beam in the Cosmotron was permitted to impinge on a 
6 in. long beryllium target in a straight section. Negative pions produced in 
the forward direction, were 
then bent out of the machine Target 


Cosmotron 
Pump Station 


motron’s magnetic East 
By ee Per eee Straight eed o 
field. They passed in succes- Section Sane 


: Ne Fx 67x24" 
sion through a collimator, the 


shielding wall, another colli- 
mator, a steering magnet and ae 
~ Collimator 
2316124" 


Fig. 4. — Experimental arrange- 
ment at the Cosmotron, showing 


ding magnet and bubble chamber. 
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two additional collimators. The collimation served to limit the energy spread. 
of the beam to + 1% and to keep the beam at least 13 in. from the nearest 
chamber window. 

To change the energy of the emerging pions, it was only necessary to 
change the steering magnet current and the time in the Cosmotron cycle at 
which the beam is ejected. The number of pion tracks, per picture varied 
from ~ 30 to ~ 10. 


4, — Seanning and analysis. 


The pictures were scanned twice, once by a physicist and once by a techni- 
cian. For measurement, the three views were independently projected on a 
screen to 14 times actual size, and the projected angles and radii of curvature 
were used to compute the direction cosines and momenta. On an average 
track, the error is + .2° in the determination of the azimuthal angle, and 
+ 1° in the determination of the dip angle. The error in the momentum measu- 
rement is chiefly due to multiple Coulomb scattering. For the propane the 
fractional momentum error for a track with no dip is .12/8V! and for the 
hydrogen .04/8VI, where 1 is the track length in decimeters. For such mi- 
nimum ionizing tracks of — 12 em length, the errors are 11% and 3.7% in 
the propane and hydrogen chambers respectively. 


5. — Criteria for selection of events. 


51. Reaction 1) x~+ p > A° + 0°. — This reaction appears in the chamber 
as a stopping of the incident pion with either one or two V’s having the stop- 
ping as possible origin (see Fig. 5). The event is accepted if either one or both 
V’s are observed, and if all measured momenta and directions are consistent 
with the kinematics of the production reaction i, and the decay reactions 
A®°+n-+p and 00>7++7r-. 


52. Reaction 2) r-_+p->X°+ 0°. — Again the reaction will appear as a 
stopping with one or two V’s having the stopping as origin, since the X° decays 
into A° and y with a path length too short to be observed here, and the y ma- 
terializes only rarely. The kinematical conditions on the 0° are the same as 
those for 1): that is, given the direction of motion of the 0°, its momentum 
is determined. The momentum is usually sufficiently different from that of 
the A° process to serve as a means of identification. On the other hand, the 
correlation between direction of motion and momentum of the A° is broadened 
by the recoil momentum (~ 70 MeV/c) in the X° decay. In the analysis of 
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Fig. 5. — An example of the reaction r-+p->A°+90° at 960 MeV 
in the hydrogen chamber. 
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Fig. 6. — An example of the reaction nr-+p > +K* at 960 MeV 
in the hydrogen chamber. 
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the H, chamber photographs single A° events were accepted if compatible 
with reaction 2). In the case of the propane pictures it was found impossible 
to separate such events from the carbon background. (See following section). 


53. Reaction 3) 7r-+ p=>X7+K+. — Here one sees a two pronged star 
produced by an incident pion. In order to avoid measuring all other two 
pronged stars, for instance, the very common z-p elastic scattering events, 
we require evidence of a possible &~ decay (a break in this track) (see Fig. 6). 
Both production and decay angles and momenta must be consistent with the 
kinematics. 


6. — Contaminations in the propane data. 


The selection criteria of the preceding section in principle select not only 
a well defined fraction (that fraction in which the particles decay within the 
chamber) of the free proton events, but in addition a certain fraction of bound 
proton events. The bound proton events are rejected only when the distur- 
bance in the kinematical relationships due to the Fermi momentum in carbon 
exceeds the measurement error. In principle, if the measurement can be made 
arbitrarily precise, the rejection of carbon events can be made arbitrarily 
complete. We concern ourselves here with an empirical determination of the 
size of the remaining carbon contamination. Consider the three reactions 
in turn: 


61. x +p—> A°+ 6°. — In the case of this reaction we need worry about 
contamination only in the event that just one V particle is observed to decay 
in the chamber. In the event that both V’s are seen the contribution of 
carbon and X?-6 which satisfy all kynematical relationships for A°-0° is 
negligible. These double events can now be used to estimate the contami- 
nation among the singles. The procedure used will be illustrated by using 
the data at 1300 MeV in the large chamber. (See Table II for details at all 
energies). 

At this energy 57 doubles were observed. Of these, 15 had charged prongs 
emerging from the production vertex and were immediately classed as carbon 
events. In addition there were 44 events without prongs, of which 17 were 
classed as A°-0° events in hydrogen, 11 as X°-0° events in hydrogen and 16 
as carbon events. This gives a total of 31 carbon doubles. For 29 of these 
carbon events we have measured the production angles and momenta of the 


A° and 0°. 
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Tagce II. — Determination of contamination in large propane chamber data 


for the reactions x +p à “ ais 
Pay IE. 1300 1200 910 
i MeV MeV MeV 
No. of A0-60 doubles 17 16 21 
No. of 20-60 doubles 1 1 2 
No. of carbon doubles without prongs 16 25 Ly 
No. of carbon doubles with prongs 15 26 2 
No. of single A®s which fit A°-6° 31 30 36 
No. of single 6s which fit A°-6° 1, 20 12 
No. of single 0®s which fit 2°-0° 8 9 10 
% of A®s from sure carbon events which fall 22% 14% 21%, 
on A°-0° kinematics 
% of 6s from sure carbon events which fall 30% 20% 26% 
on A°-§9 kinematics 
% of As from sure 20-00 on A°-0° kinematics 45% (combined) — 
% of 6° from sure X°-0° on A°-0° kinematics 18% (combined) — 


% of 6s from sure A°-0° on X°-0° kinematics 


18% (combined) — 


% contamination of single A°®s from A°-6° 33% 30% 15% 
Corrected number of single As from A°-6° 20.8 21.0 30.8 
% Contamination of single 6°s from A°-6° 13% 23% 17% 
Corrected number of single §°s from A0-00 © 6.1 15.4 9.9 
% contamination of all A°-6° events 20% 21% 119 
Corrected total of A°-60 events 43.9 52.4 61% 
% contamination of single 6°s from X0-60 23% 44% = 
Corrected number of single 6s from 9-60 6.2 5.1 —= 
% contamination of all 20-00 events 10% 24% — 
Corrected total of X°-0° events 172 12.1 = 
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Consider the A° contamination first. A plot is made of p, versus 0, with 
each event represented as a rectangle whose width is equal to the error in 0, and 
whose height is equal to the error in p, (see Fig. 7). In addition to the A’s from 
the double events above we plot 


8 single A’s whose carbon origin 2000 Coan PUNTO 
È } Mo p—(5 IU = clear Ha 
is manifest by a star at the 1800} x 0° ss clear C 
È . P,-=1450 MeV/c * events (H 
production vertex. The kinema- 1600 < i Ip pera a oie 
10% à = 0 0 el oVS po 
tical curve for z+ p > A°+ 0 too sci 
is also drawn. We find here ¢ na 
5 > 
that 22% of all sure carbon A”s 3 
: : = 1000 
fall on the hydrogen kinematics. at t 
This means that 22% of the pe 
16 sure carbon double events 600! ù TN N io 
without prongs would have 400 = NN = 
been classed as hydrogen events 200 


nn eyed Ob Hee seen. 16 20 x 2% 32 Sore 28 
In addition 5, of the sure X°-0° 

events would have been class- Fig. 7. — A plot of px versus 04: for A®s from 
ed as A°-0° if the 0° had not hydrogen doubles and sure carbon events. Of 
the 37 sure carbon A®”s measured, 11 fell off 
Ree scale on the above plot and are not shown. The 
percentage Cu EIA Lon of limiting curve for As from > -6° events falls 
the single A”s is very close to the A°-0° curve and is not shown. 


been seen. Consequently the 


(.22)(16) + 5 


17 + (.22)(16) + Feed magne 


The analysis of single 0° contamination proceeds along similar lines. Here 
we find that 3.6 carbon events and 2.0 X°-0° events would have been added 
to the 17 A-0 events if the A were not seen. However, 3 of the 17 A-0 events 
would have been interpreted as X-0 events if it were not for the A°. Hence, 
for the purpose of estimating the total cross-section we have a percentage 
contamination among the single 6s of 


2.6 


EE" 100% ali 
17 + 2.6 0 To 


A total of 55 hydrogen candidates were observed of which 17 were doubles, 
31 single As and 7 were single gs. Of these 31 x.33 = 10.2 single A°s and 
74.13 = 0.9 single 0s must be subtracted leaving us with 43.9 events for the 
purpose of estimating the total cross section. The net contamination was 
11.1/55 -100% = 20%. 

Similar procedures were used at 910 MeV and 1200 MeV yielding con- 
taminations of 11% and 21% respectively. 
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62. The reaction xn-+p > X°+ 0°. — In the analysis of the propane pic- 
tures for this reaction we use only those events in which the 0° is seen to decay, 
as explained in Sect. 6. The contamination, arising in this case only from 
the data on the single 0°’s, is estimated 
in the same way as before to be 10% 
at 1300 MeV, and 24% at 1200 MeV. 
The difference between the two ener- 


H'+P— 2 +4" gies is a result of a statistical fluctation 


ire OMS - in the relative number of singles and 
8, (lab) vs @,ellab.) 


doubles found. 


63. nx +p—-2X+Kt. - Here we 
estimate the contamination by plotting 
for all observed events the laboratory 
production angle of the =X (@s-,,,) 
versus the laboratory production angle 
of the K+ (0,..,,,). Ideally, the events 
which occur in hydrogen should fall on 
a curve corresponding to the known 
Fig. 8. — Plot for the angular corre- energy of the incoming x” and those 
lation of all likely candidates for the which occurin carbon should fall off the 
reaction x-+ p->£ +K+ Accepted curve by an amount deperdent on the 
events are indicated as circles and Fermi momentum involved in the col- 

telerieà SE gia lision, A typical plot is shown in Fig. 8 

(1300 MeV). For each event plotted, 
the shortest distance to the kinematical curve is measured. The distribution 
in these distances is plotted in Fig. 9. If the background is extended into 
the region of the peak, we find that 5.4 carbon events are likely to have angular 
correlations consistent with 
the hydrogen kinematics. 

Now the 43 events which 
fell into this peak were further 
examined to determine if all 
other kinematical criteria are 
satisfied and 4 such events va: no 
were rejected by this means. ES Distance from kinematics (arbitrary scale) 

This leaves a net likely con- Fig. 9. — Plot of the shortest distance to the 
tamination of 1.4 events out x -K+ angular correlation curve for all X -K+ 
of the 39 events finally used, candidates. 

OD 3.b0.5 0) 

This result is also taken to hold at 1200 MeV since the kinematical prob- 
lem is practically identical. 
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7. — « Contamination » in the hy- 
drogen chamber data. 


In the hydrogen chamber the 
only problem to be considered is 
the cross contamination between 
the A° and X° production reac- 
tions. At 950 MeV the kinema- 
tical separation between these two 
reactions is quite good. In Fig. 10 
and 11 we have plotted the mo- 
mentum versus production angle 
for all A®s and all 0°’s respecti- 
vely. In each case the curve cor- 
responding to (A-0) production at 
950 MeV was drawn in. (The 
beam energy was subsequently 
determined to be 960 MeV from 
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Fig. 10. - Momentum versus production angle, 
plotted for all A®s seen in the hydrogen 
chamber at 960 MeV. The broken curve in- 
dicates the closest that a A® from a »9-6% 
event can get to the A°-6° curve. 


a study of the events themselves and is referred to as such everywhere else 
in this paper). In the A° case an additional curve was included which repre- 


Ty = 950 MeV 


eo 
AG 


8. — Results. 


sented the closest that a A° from a 
x° decay could come to the A°-6° 
kinematics. In the 0° case the addi- 
tional curve is that which correspond 
to X°+ 0° production. It can be 
seen that the separation in both cases 
is excellent so that one can neglect 
the cross contamination. 


Fig. 11. —- Momentum versus production 
angle, plotted for all 0°s at 960 MeV in 
the hydrogen chamber. 


81. Angular distributions. — Before enumerating the results, it is neces- 
sary to discuss in some detail the geometrical corrections which must be ap- 
plied to the measured angular distribution, to account for these events in 
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which the required strange particle decays occur outside the chamber. Since 
the chamber is large compared to the mean free path of A°, 0°, and 27, these 
corrections will be small. 

Consider first the case of the reaction 77+p > >-4-K+. Since the 2 
production angle in the laboratory is limited to a narrow cone (~ 30°) and 
the incoming beam is well collimated, the => trajectory will leave the chamber 
through the cylindrical wall. Those leaving through the windows can be 
neglected. Again, because of the narrowness of the cone, the curvature of 
the chamber wall can be neglected in a calculation of the fraction which decay 
within the chamber. If the effective chamber length is L, the probability 
P(w) that the & decay inside the chamber averaged over the distribution in 
points of production of the X~ in the chamber, is: 


P(o)=1 = (exp [— L/Byt]—1), 


where 7 is the lifetime of the XY and y=1/V1— f?. In this, B is a function 
of the center of mass production angle ©. The angular distribution do/dQ 
is then corrected by this amount: 


(20). (10), / 20 


For this calculation we have taken L—22 em and 7,.-—1.6-10-%8 (8) 

The situation is handled in essentially the same manner in the case of the 
reaction x-+p—>A°+0. Here an event will be missed if neither of the 
two V’s decays visibly in the chamber. Now both the A° and the 0° each have 
decay modes which are usually unobservable. In addition, they will occa- 
sionally leave the chamber before decaying by the usual, observable, modes. 
The differential (and total) cross-sections have to be corrected for both of 
these effects. 


Let P,.(m) and P,,(w) be the respective probabilities that a A° or a 0° decay 
‘inside the chamber. These functions are evaluated just as in the case of 
the X (*). 


(8) The lifetimes used here are preliminary values obtained from our data. The 
final values are at present being computed and will be published shortly. 

(*) The assumption of production in a narrow cone is not valid for the 6. On 
the other hand, 6’s produced at larger angles have small momenta. Since the incident 
beam passes only through a central region of the chamber, the particles always have 
a minimum distance of 3 cm to the windows. Since the maximum transverse mo- 
mentum of 0° in these experiments is ~ #$mgc, the «transverse mean free path » is at 
most ~ 2.5 em so that in the most unfavorable case no more than 30% could leave 
the chamber through the windows. The average transverse path before reaching the 
window is ~ 12cm, corresponding to a negligible probability for loss through the 
-window. We therefore make the same approximation also in the case of the 0°. 
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If we now let W,, and W,, be respectively the probabilities that a 0° decay 
into z~+7+ and a A° decay into x~+p, then the probability that a A° or 6° 
or both decay inside the chamber is equal to 


P,=1—{(1 — Wy Pa(o)) (1 — W Po(o))}- 


The angular distribution must be correspondingly corrected. We use W,= 
= .65 + .05 and W,—.42 + .07 as previously reported (5), as well as T1: — 


= 2.4-10- 8, t= 1.07-10-19 8 (8). 


In the case of X°-0° production in the propane chamber only those events 
in which a 0° was observed were used. Therefore the probability that the 
0° decay visibly inside the chamber is WyPy(@). 
puted just as before, but using the &°-6° kinematics. 

The observed numbers of events as a function of production angle for the 
various reactions have been listed in Table III. Included in this tabulation 


The value for P,(w) is com- 


TapLe III. — Tabulation of events for angular distribution of production. 
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(*) Only large chamber used. 
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are also 9 examples of the reaction 7-+p > 2+ K* at 910 MeV, just slightly 
above threshold where one would expect an isotropic distribution. 


6 È — Large chamber 
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Fig. 12. — Differential cross section for Fig. 13. — Differential cross section for 
nm-+p > A°+ 6° at 1300 MeV. am +p —A°+ 6° at 1200 MeV. 


The observed as well as the corrected differential cross-sections are plotted 
in Figs. 12-21. Also plotted is the detection efficiency as a function of angle. 
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Fig. 14. — Differential cross section for Fig. 15. — Differential cross section for 
™ +p —> A°+ 6° at 960 MeV. m™ +p > A°+ 6° at 910 MeV. 


The errors on the corrected differential cross-sections are statistical. The 
Scale is made to conform to the total cross-sections computed from a some- 
what smaller sample of events chosen to minimize the possibility of systematic 
error. (See 82). 
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Fig. 16. — Differential cross section. for Fig. 17. — Differential cross section for 
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Fig. 18. — Differential cross section for Fig. 19. — Differential cross section for 
n+p > D9+6 at 960 MeV. t-+p +2 +K+ at 1300 MeV. 
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82. Total cross-sections. — The preceding sections have explained how the 
event count for each reaction at each energy is corrected for geometrical inef- 
ficiency, normally unobservably decay modes and contamination. In computing 
the cross-sections the detailed procedures for estimating the incident pion 
flux differed somewhat from exposure to exposure although in all cases they 
had the following points in common. 


1) A fiducial region was chosen in the chamber. Only those events in 
which the production point and one of the decay points fell inside the region 
were chosen and only that portion of the pion track length which fell inside 
the region was counted. For simplicity the region was always chosen to cor- 
respond to a certain prescribed plane figure in one of the projected views and 
consequently had a somewhat larger cross sectional area at the far side of the 
chamber than at the near side. All track counting was done on this view only. 


2) Pictures of quality so poor as to offer some difficulty in finding the 
events were not used in computing the cross-sections. They were however 
used for the angular distributions inasmuch as the scanning bias introduced 
in favoring one angle of production as against another seemed to be small. 


3) Tracks were not counted if their projected angle upon entering the 
fiducial region in the view on which the counting was done differed from the 
mean by more than ~ 3°. 


4) In each case only a sample fraction of the film was flux counted and 
the average number of tracks per picture was multiplied by the total number 
of good pictures. 


5) Those tracks which produced an interaction in the fiducial region 
were counted separately and their number was divided by two and added to 
the total number of non-interacting tracks. 


The data from the small propane chamber were not used in computing total 
cross-sections. The procedures differed essentially only in the choice of fiducial 
region. At 960, 1200 and 1300 MeV the prescribed area on the view used 
to establish the fiducial region extended from the edge of the illuminated region 
on the incoming side of the chamber to 2 em short of the edge of the illu- 
minated region, in the beam direction, on the outgoing side of the chamber. 
At 910 MeV, the fiducial region was given by a trapezoid, 20 cm long in the 
beam direction, 15 cm wide at the beam entrance and 16 cm wide at the beam 
exit. 

In computing the cross-sections, we used the values for muon and electron 
beam contamination measured by Coon, PICCIONI and CLARK (*). Scanning 


(*) R. Coot, O. Piccioni and D. CLARK: Phys. Rev., 103, 1082 (1956). 
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efficiency was estimated by comparing the two independent scannings of the 
same film. In Table IV we have tabulated all of the relevent data needed to 


compute the cross-sections, as 
well as the final cross-sections 
themselves. 


Fig. 22. — Plot of total cross section 


versus incident pion kinetic energy 


for the reaction z~+p > A°+ 0°. 


~ 


ya bNWRODVYVOAOS 


Total cross section (mb) 


T-(Lab.) 


TI” +P—= Ae 0° 


we È. (3) 
* Adair and Leipuner 


(4) 
* #Brown et al. 


800 850 900 %0 1000 1050 1100 1150 1200 1250 1300 


FABLE Va — Tabulation of data xd computing total cross sections. 
A) x-+p—A°+6? 
Beam 910 MeV 960 MeV 1200 MeV 1300 MeV 
energy 
N 73.5+19% 59.4+15.3% 101.2+12.5% 81.94+15% 
g/em 2.04-105+ 5% 1.342404 5 % 5.11-10°+10 % 3.94:10°+ 5% 
n 8%+ 3% 7.5%+ 3 % Sodi Yo 75% + 3% 
6} 11% + 5% = 219,484 20% + 8% 
E 98%+ 3% 97% + 3 00 959% +. 3 DA 95% + 3% 
(mb) .59 +.12 mb sa 13 mb .29+.05 mb .32+.06 mb 
| Bi x SII 
N ù ra fxs 17.56441% É 45425. % 54.7424 % 
| 01 (g/em?) — 1.341054 5% 5.11:105+10 % | 3.94: 10545 % 
n — 7T.5%+ 3% BYE 4 % i 3 % 
C — | — 24.404 +15.7% 9.5% + SOS 
| E —- 97% + 3% 95%+ 3 % 96%+ 3 % 
|. o (mb) — | .25 +.10 mb .12+.04 mb .24 1.06 mb 
C) n+p>2 +K+ 
TON | 17.6426%. |  37.44+18% 51.274+16% 
01 (g/cm?) — 1.34-10°£ 5% 5.11-105 410% 3.94-10° + 5% 
o 
n — 7.524 3% DOSE 4% T.5%4 3906 
C | = | = | 5%+ 3% 5% + vo 
E — 97% te 3% 9%+ 3% 95%+ 3% 
o (mb) | — .25-+.07 mb 13.03 mb .23 +. 04 mb 
N= number of events corrected for detection efficiency ; 
o = track length in g/cm’; 
a = percentage of muon- -electron beam contamination; 
C = percentage contamination of events; 
E = scanning efficiency. 
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In Figs. 22-24 the total cross-sections as a function of pion laboratory 
energy for the three reactions are presented. The measurements of LEIPUNER 
and ADAIR (3), BROWN et al. (4), have been included. 


II +P—>x"+ K* 
Tl" + PpP—»Z°+@° G 
+ Adair and Leipuner‘% +. Adair and Leipuner 
ia er. ++ Brown et al” 


+ * Brown et al. 


} 


TL ab.) 
1200 1250 1300 


ed + 
ei 


Total cross section 0 (mb) 


5 ND &w & ww 


900 950 1000 1050 100 1150 


Fig. 23. — Plot of total cross section ver- Fig. 24. — Plot of total cross section ver- 
sus incident pion kinetic energy for the sus incident pion kinetic energy for the 
reaction mz +p > 1°+ 00. reaction z-+p > =-+ K+. 


9. — Discussion of results. 


Before attempting to study the angular and energy dependence of the 
cross-sections, it is possible to make the following general remarks about the 
production processes observed. 


1) It is possible to set some limit on the possible violation of the Gell- 
Mann, Nishijima scheme (‘°") in the production of strange particles. 

Firstly, the reaction 7-+p > X++K-, forbidden by the scheme, has not 
been observed to occur. This is to be compared to 113 examples of 
T7+p > X7+ Kt, observed in the magnetic chambers. 

Secondly, no examples have been observed where two A°’s are produced 
in a carbon collision. This is to be compared to ~ 110 A°-6 doubles in carbon. 


2) It has been suggested (#2) that the cross-sections for m-+-p > Ti gi 
along with the cross-section for m++p—+X++K* can be used as a weak 
check on charge independence in strange particle producing reactions. In 


particular, charge independence implies that the three relations 


a) V20(°) <Vo(X) + Vo), 
b) Vo(X) <V20(2°) + Vo), 
€) Vo(X*) <V20(2) + Vo), 


(9) M. GeLL-MANN and A. Pais: Proc. of the Fifth Annual Rochester Conference 
on High Energy Physics (New York, 1955). 

(11) T. Nakano and K. NISHIJIMA: Progr. Theor. Phys. Japan, 10, 581 (1953). 

(12) J. J. SAKURAI: Phys. Rev., 107, 908 (1957). 
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should hold for the differential cross-sections at any angle as well as for the 
total cross-section. The Michigan group ('*) has found that a portion of its 
data at 1100 MeV seems to violate inequality (a). In addition, LEIPUNER 
and ADAIR (*) have found total 7- cross-sections at 950 MeV which when com- 
pared to a reasonable extrapolation of the 1100 MeV x* cross-section would 
indicate a violation of the same inequality. The latter result comes about 
because of a X° cross-section of (.35 +.09) mb, a 7 cross-section of (.09 +.04) mb 
and a X* cross-section of .15 mb. In the present experiment at 960 MeV we 
have found £° and = cross-sections consistent with charge independence 
(o(%°) = .25 + .10) and (o(27) = .25 + .07). This discrepancy may perhaps be 
attributed in part to a reduction in the possibility of systematic error in the 
present experiment by the use of a larger chamber and magnetic field. 

As far as the cross-sections themselves are concerned, increased statistical 
accuracy has borne out the early observations that A°s tend to be produced 
backward and S~’s tend to be produced forward in the center of mass. There 
is no significant indication in the present data about structure in the x° dif- 
ferential cross-section. 

We have attempted to analyze the available (900--1000) MeV data on 
A°-6° production in terms of s and p waves in order to see to what extent limits 
can be placed on the relative sizes of the s,, p, and py, amplitudes for the 
outgoing particles. Data from LEIPUNER and ADAIR (8) at 950 MeV and from 
the Berkeley bubble chamber group (!*?°) at 990 MeV have also been included. 

In addition to the differential cross-sections, we have used the measu- 
rements on the parity violating up-down asymmetry in the decay of the ASSO) 
Let the As be produced with polarization P along the normal to the pro- 
duction plane in the sense of P,-, ‘Pa. Then the decay pions from the A° 
will be emitted with the distribution 1-+ Pa cos 0, where 0 is the angle bet- 
ween the pion and the normal and |a|<1. This distribution yields infor- 
mation about the magnitude of P. 

Now, if we take the s, amplitude As, to be real and positive, then we have 
6 parameters which will completely describe the production and decay. These 
are As, Re Ar, Im Ay, Re Ang, IMA», and « The angular distribution 
in the outgoing A° is of the form 

do 


er I ¢ 
aa |As, + Agg + A3) COS 0}? + sin? 6 ie ia 73 4, À 


(13) L. Brown, D. A. GLASER, D. I. Meyer, M. L. PERL and J. VAN DER VELDE: 
Phys. Rev., 107, 906 (1957). 

(14) F. S. CRAWFORD, M. CrestI, M. L. Goop, K. GOTTSTEIN, E. M. Lyman, F. T. 
soLmitz, M. L. Stevenson and H. K. TIcHO: Bull. Am. Phys. Soc., II, 3, no. 1 (1958). 

(5) F. S. CrawroRD, M. CrestI, M. L. Goop, K. Gorrsrein, E. M. LYMAN, HT 
Sotmitz, M. L. STEVENSON and H. K. Ticno: Phys. Rev., 108, 1102 (1957). 
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We can have however only 5 independent pieces of data—three from the 
angular distribution of production, and two from the asymmetry as à function 
of production angle. In carrying out the analysis, these were taken to be 


(i) N(—1 <cosm,<—.3) = 257.9 + 17.0 
(2) N(—.3 <cosm,<+.3) = 108.1 + 11.0 
(3) N(+.3 <codw, <1) (= 31-2 95 
(4) aP(—1<cos w, <0) => 0,525 11 
(5) aP( 0<cos@, <1) = 0:45 4 419 


In the absence of an independent determination of x, solutions were found 
for the s and p wave amplitudes for various values of x and are listed in Table V. 


Tape V. — Solutions for the sy, py and pg amplitudes for the reaction x +p > A®+0° 
for several values of the decay parameter a. The data used are from the energy region 
(900-1000) MeV. The total cross section is taken as 0.6-10-?7 em?. 


x AC 10-15 em) Ap, -10- cm) | Ang(* 1072 cm) | 

ei = | È setae È | 

1 | 3.4 = Lg Si | 228.9 = ti | 

0.9 3.6 2920 aed Se | CT Liri | 
0.88 3.7 9/0 1%; | SME) 


It was found that no solutions existed for |x|<-—.78. There is some indi- 
cation in the MIT multiplate cloud chamber data (1°) that the emitted protons 
are polarized opposite to their direction of motion, indicating that « is posi- 
tive. Hence the solutions listed are for positive x. To obtain the solutions 
for negative x (and hence negative P) one need only change the signs of Im A»; 
and Im Ayg. ‘ 

We have investigated the solutions to see to what extent the fractional 
contributions to the total cross section of the s,, p, and Pz States can vary 
and still fall within the experimental errors. In doing this we have taken the 
total number of events as fixed with no error. It is possible to obtain reason- 
able fits to the data with .15 < fs, <.5 where f4 is the fractional contri- 
bution to the total cross-section due to the 8, State. For various possible 
values of fs, we have explored the possible range of foy/fog. These regions of 
fit are listed in Table VI. One thing which might be noted is that none of 
the possible outgoing states needs to be especially weak or especially strong 
to give a fit to the data. é 
. (9 E. Borpt, H. Bripen, D. 0. CALDWELL and Yasn PAL: Bull. Am. Phys. 
Soc., II, 3, 163. (1958). 
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TABLE VI. — Range of solutions for Foylfog for various values of f,,. f is the fractional 

contribution to the total cross section made by a particular state. Reasonable agreement 
with the data can be obtained for 15<f,, <.5. 


fa | (3 /fpg rain | Foy ffog) max | 
| | | 

15 | .92 .92 
-165 | 48 2.3 | 
1225 | 25 | 3.8 | 
-39 .57 2.6 | 
45 .76 1.9 | 


A similar type of analysis on the Z-K* data has not been carried out 
because nothing is known about the polarization of the 2 in production. No 
significant up-down asymmetry has been observed in the 27 decay (HAE 


kK OK 
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RIASSUNTO 


Sono presentati i risultati sulle sezioni d’urto totali e differenziale nelle reazioni 
xm +p E eo a 910, 960, 1200 e 1300 MeV, ottenuti usando camere a bolle ad idro- 
SK 


geno ed a propano in un campo magnetico di 13.4kG. Viene fatta una descrizione 
dettagliata sia delle camere e del loro funzionamento che del metodo di analisi. © 
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Evaluation of ;, from the Angular Distribution 
of Jet Particles in LS Using certain Suppositions 
about their Angular Distribution in the CMS. 


V. PETRZILKA 


Physical Institute of the Czechoslovak Academy of Sciences 
Faculty of Technical and Nuclear Physics of the Oharles University - Praha 


(ricevuto il 25 Luglio 1958) 


Summary. — In this paper is made an attempt for finding the pro- 
cedure for the evaluation of Vo using for the integral angular distri- 
bution of shower particles in a jet three different suppositions. The 
derived expressions for the evaluation of y, in these three cases are proved 
on eight jets with y, from 1 to 300. 


For the determination of the energy of the primary particle in a nucleon- 
nucleon collision, in which secondary particles are produced, some authors 
have used the method of the median angle, others tried to correlate the angles 
containing the percentages of F and (1 —F) of the total numbers of particles, 
whereas C. C. DILWORTH et al. (1) on one hand and ©. CASTAGNOLI et al. (2) 
on the other hand developed methods using for the determination of Yo the 
angle measurements of shower particles in a jet. 

In our case there is made an attempt for finding the procedure for the 
evaluation of v5 by using for the integral angular distribution of shower par- 


(1) C. C. DirwortH, S. J. GoLDSACK, T. F. Hoane and L. Scarsr: Nuovo Cimento, 
10, 1261 (1953). 


(2) C. CASTAGNOLI, G. CORTINI, C. FRANZINETTI, A. MANFREDINI and D. MorENO: 
Nuovo Cimento, 10, 1539 (1953). 
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ticles in a jet an expression F,(u), giving its theoretical dependence on 


19 


da AC OF “= Vy — 1 sin 0, where vy =(1— 8; )-? represents the primary 


energy of one nucleon in rest 
mass units and © the angle of 
emission of a shower particle, with 
respect to the primary observed 
in LS. 

In Fig. 1, as an example only, 
two distributions F,(u) and F;(u) 
given by L. von LINDERN (*) are 
plotted as a function of vu. In 
the same figure for the jet (0 +14)x 
(Nr. 8 in the Table I) the histo- 
gram H,, beginning at the angle 
06, and ending at the angle 0,,, 
and the histogram H, from @,,; to 
©, for 13 shower particles are 
drawn, supposing the value of 
y, — 309 to be known. 

The areas of P, and P,, 
formed by the histograms H, 
and H, can be calculated from 
the expressions 


ns-1 


(1) Pa, = Vo >> CA (CAR = O;) or 
k=1 


0.5 


1107? 1107! 1 10 


Fig. 1. — Histograms H, and H, for the jet 

Nr. 8 from the Table I. The functions F, 

and 7, are represented by equations (10) 
and (11). 


CRE 
P,,= Yo il ya y,{sin®,, , 5 — isin 0,) ; 


Hy 0 
k=1 


= 


ny -1 7 Ns ; È 
Oh 2 = Yo by Yerkes =) or Fe = Vyi— 1 >> Yq 41(8iD EE SE sin0,) ) 
2 = 


k=1 


1 


where n, denotes the number of shower particles, vu, = Yo O, or U,= Ve 1sin 0, 
the value of « corresponding to the track of the k-th shower particle in the 
jet and y, = ky, 18 the k-th value of the co-ordinate corresponding to 0. 
Then the mean value of both these surfaces is equal to 


I 
(3) Py = > (Pa, + Pa.) = VoSi 


| 


Py == (Pat Pa) = yi — do 


Da 


t 


if we denote by S, and $, the expressions 


x 1 21 
(4) Sn 


2 k=1 


D YO — 


1 "= 
x) È 5 ba Ya Ora — 0), 
k=1 


(3) L. v. LINDERN: Nuovo Cimento, 5, 491 (1957). 
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or 
1” — 1 %=1 > 
(5) eo Sn (sin Ors sin ©) nd 9 ps Yirr(8 sin Onis — sn (C7) F 


The surface P, formed by the theoretical curve F;(u) is given by the ex- 
pression 


u 
Ns 


(6) P; = [Pawan ; 


If we apply the claim of the equality of the mean surface P,, and the 
theoretical surface P,, we obtain the relation 


— 
= 
— 


1 
= 5 Pr, + ta.) “fre u)du = Pr, 


from which we can determine the value of y,, supposing the theoretical funetion 
for F;(u) is given. 

Using for F;(u) the relations given by K. SYMANZIK (4) and L. von LIn- 
DERN (*) on the basis of Heisenberg’s theory (*), we obtain for the evaluation 
of y, three equations in the following way. 

For the isotropic emission of shower particles in the CMS and under the 
assumption fB,/8, — 1, where B, is the velocity of one shower particle in the CMS, 
we can obtain according to L. VON LINDERN for the integral distribution of 
Fi(u) the expression ((4), p. 495): 


IR ji APE 2 
(8) F, = A Sin DI A I 0 È : 
1+(y?—1)sn?O y?—11+4 


if we put u=Vy—1sin0. 
For higher values of the primary energy, i.e. for higher values of Vi it is 
possible to use for F, the approximated relation 


(9) ree 
where u — y 0. 


(*) K. Symanzrk, in W. HEISENBERG: Kosmische Strahlung (Berlin-Géttingen- 
Heidelberg, 1953), Anhang VII a, p. 563. 

(5) W. HEISENBERG: Zeits. f. Phys., 188, 65 (1952); Kosmische Strahlung (Berlin- 
Gottingen-Heidelberg, 1953). 
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For the isotropic emission of shower particles and in the case of Heisen- 
berg spectrum (53) L. von LINDERN gives for F;(w) the formula ((*), p. 496)): 


1 
10 Pee ey ee 
(10) gs Gi Toni: 


in which for « either the relation u = Vigbri 1 sin @ or w= y,@ is to be used, 
with respect to the value of y. 

For a strong anisotropic emission in the CMS and in the case of Heisenberg 
spectrum it is possible to use according to K. SYMANZIK (4) and L. v. LIN- 
DERN ((*), p. 496) for F;(w) the expression 


aL 24 
1 i ER PA = 
au) i Toy E 


which should be valid for y, > 20 with u=y,9. 
Hence using for F,(u) the expression (8) for F,, we get from (7), (3) and (5) 


12 


(12) V/7y2—18,=—2 
Vo: 


a 
{Vyè—1(sin 0,,— sin 0) — arctg (Vyi—1 sin @,,)+arctg (1/7? — 1 sin 6) 


which for higher values of y, can be written in accordance with the expres- 
sions (9), (7), (3) and (4) in the form 


1 ; | 
(13) (0,,— 9) — 8, = ets (,9,.,) — arctg (7@,)}. 


The left hand side of the equation (13) being constant, we can put different 
expected values for y, into the right hand side of this equation and in this way 
find the value of y, satisfying this equation. In the case of the equation (12) 
we have to perform this procedure on both sides. 

In a similar way we obtain for F, given by the expression (10) from the 
equation (7) the equation 


11 010, a ceo pot E sino, le 
eo Ve (yt) aint, 1 + (yi? — 1) sin", 


or for higher energies the equation 


oe Opal SEA: 
PTE ire VIF OU 


(15) (On,—@ 
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The last representation of F,(w) by the expression (11) gives for the 
evaluation of y, with respect to (7), (3) and (4) the equation 


(16) 


- 


It is possible to use for 7;(u) in the equation (7) also other integral 
angular distributions of shower particles in a jet, for example the distribution 
given recently by D. CERNAVSKIJ (5) in his preprint. 

In the described way the value of y, was determined for 8 jets using the 
formulas (12), (14) and (16) and the obtained results are given in the following 
Table I. 


TABLE I. 
| y, calculated| y», calcu- | » caleu- | y, caleu 
| | Deno- 70 calculated from the | lated | lated lated | 
LUN AUDE ue formula of | from the | from the | from the | 
| AL oi HE D FES Forse: Castagnoli | formula | formula | formula 
| jet = UGS Oa! à al. (2) (12) | (14) (16) 
2 À x — | Pan 
Pek, WP de ALP 1.52 2301010 AA RU Ci teak = 
2 | P17 | (4+ 6)p 5.16 5.21 6.68 | 5.09 re 
3 PI (4437) p 10.94 ET VE 5.63 = 
dl | P6382") (14-19) 20.6 15.2 15.4 | 10.6 x 
5. | P27 | (0+17)p 73.8 46.4 EL PRO FA 33.4 
6 P 38 (5+10) p 88.5 103.9 = | 80.0 116.6 
7. | P26 | (5+ 9)p| 4 1705 149.9 = | qoo. | aged 
8 | P115 | (0414) «| 2220.0 926.0 — 5) | 1860 | “309.6 
| | 


The values of Vo calculated from the equation (12) do not show in the 
region from y,~1 to yo =15 a disagreement with the values calculated by 
using the formula of CASTAGNOLI et al. (2); two of them are higher, two of them 
lower than the values calculated from Castagnoli’s formula. 

For higher energies there is possible to see that the values of vo calculated 
from the equations (12), (14) or (16) are always lower than the values, which 
gives Castagnoli’s formula in a first approximation, what can be considered 
as a reasonable result. 


The value Y= 309 for the jet Nr. 8 is in a satisfactory agreement with 


(6) D. CERNAVSKIJ: O mnozestvennom obrazovanii éastic pri vysokych energijach. 
Fizéeskij Institut im. Lebedéva ANSSSR. Preprint. 
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the value Va = 420 obtained by P. CIoK et al. (7-8) using the F/(1 — F) plot 
against tg 0. | 

From these eight examples there is not possible to draw any definite con- 
clusion. A greater experimental material, i.e. a greater number of jets would 
be necessary to prove the usefulness of the described procedure; the evaluation 
of the error in each case is also desirable. Nevertheless the described way for 
the evaluation of », gives the further possibility for its determination. 


I am indebted to thank Dr. J. PERNEGR for the experimental data of jets. 


(7) P. Crox, M. Danysz, J. GIERULA, A. JURAK, M. Migsowicz, J. PERNEGR, J. VRANA 
and W. WoLtER: Nuovo Cimento, 6, 1409 (1957). 
(8) J. PERNEGR, V. PeTRZiLKa and J. VRANA: Ozechosl. Journ. Phys., 8, 137 (1958). 


RIASSUNTO (*) 


Nel presente lavoro si fa un tentativo di trovare il procedimento per la valutazione 
del y’ partendo da tre differenti supposizioni per la distribuzione angolare integrale 
delle particelle di uno sciame in un jet. Le espressioni derivate per la valutazione del pe 
in questi tre casi si dimostrano esatte in otto jets con y, da 1 a 300. 


(*) Traduzione a cura della Redazione. 
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Gauge Invariance in the Theory of Superconductivity. 


D. PINES (*) and J. R. SCHRIEFFER (*) 


Laboratoire de Physique, Ecole Normale Supérieure - Paris 


(ricevuto il 26 Luglio 1958) 


Summary. — It is shown that when due account is taken of the Coulomb 
interactions between electrons, a theory of superconductivity which 
gives a satisfactory account of the Meissner effect in the London gauge 
can be extended to give a satisfactory account in any other gauge. 
Calculations based on the Bardeen-Pines collective treatment of the 
electron-phonon system show that in the long wave length region 
(k < k,ær;" where r, is the interelectronic spacing) only the plasmons 
respond to a longitudinal vector potential. Their response is such as 
to maintain gauge invariance. The individual electrons are surrounded 
with a screening cloud of virtual plasmons in such a way that they carry 
no longitudinal current to order (%°/%?), and are hence unaffected by a 
longitudinal vector potential to this order. The introduction of the 
screening cloud is shown to correspond closely to the backflow intro- 
duced by FEYNMAN and COHEN to guarantee longitudinal current con- 
servation for the excitations in liquid helium. The calculations are carried 
out to order m/M and k*/k’, and involve the use of the random phase ap- 
proximation for terms which couple plasmons and electrons. For the wave 
lengths of importance in the Meissner effect (k < k,), these approximations 
are well-justified. An explicit prescription is given for extending the 
Bardeen, Cooper and Schrieffer derivation of the Meissner effect to an 
arbitrary gauge, and their results are shown to be essentially unaltered. 


(*) National Science Foundation Senior Post-Doctoral Fellow, on leave of absence 
from Princeton University, 1957-58. Present address: Institute for Advanced Study, 
Princeton, N.J. 

(+) National Science Foundation Post-Doctoral Fellow, on leave of absence from 


Institute for the Study of Metals and the Department of Physics, University of Chicago, 
Chicago, Ill., 1957-58. 
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1. — In order to establish a satisfactory theory of the Meissner effect in a 
superconductor, one must show that for any choice of gauge, 


a) the transverse components of the Fourier transforms of the current 
density and the vector potential are related by 


(1) J,(q) =— «(q?)A ,(q), 


where «(q?) >0 as gq > 0, and 


b) the longitudinal current vanishes for time independent fields 


(2) J,(q) = 0. 


Considerations regarding the Meissner effect are generally carried out in the 
London gauge for which div A=0 and the component of A perpendicular 
to the surface of the specimen vanishes. In this gauge (2) is automatically 
satisfied. It is the purpose of this paper to show that when due account is 
taken of the Coulomb interactions between electrons, a theory which gives 
a satisfactory account of the Meissner effect in the London gauge can be easily 
extended to give a satisfactory account in any gauge. 

BARDEEN, COOPER, and SCHRIEFFER (1) have recently proposed a theory 
of the Meissner effect in the London gauge. Their derivation of the Meissner 
effect has been criticized because a straightforward application of their technique 
does not lead to gauge invariant results. This difficulty arises because the 
continuity equation is not satisfied by their states, a fact which is closely con- 
nected with the objection raised by BUCKINGHAM (2) to the earlier energy gap 
model of Bardeen. We give an explicit prescription for extending the BCS 
derivation of the Meissner effect to an arbitrary gauge, and show that their 
results are essentially unaltered. 

Our approach takes advantage of the special simplicity introduced in the 
gauge problem by the Coulomb interactions between electrons. As a result 
of the Coulomb interaction, the dominant long wave length longitudinal ex- 
citations of the electron gas are the plasmons of frequency near w,, a property 
which any consistent theory must possess. In the collective description of 
Boum and PINES (*), the plasmons are initially described by a set of co-ordi- 
nates and momenta (Q;, 7) representing a field of frequency w,. These plas- 
mons are simply the quantized oscillations appropriate to the longitudinal 


(1) J. BARDEEN, L. COOPER and J. R. SCHRIEFFER: Phys. Rev., 108, 1175 (1957), 


hereafter referred to as BCS: 
(2) M. J. BUCKINGHAM: Nuovo Cimento, 5, 1763 (1957). 
(3) D. Boum and D. Pines: Phys. Rev., 92, 609 (1953), hereafter referred to as BP. 


32 - Il Nuovo Cimento. 
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vector potential and electric field. There is, furthermore, a coupling between 
the plasmons and the single particles, the strength of which is the ratio of the 
characteristic frequencies for individual particle and plasmon excitation. The 
coupling constant for a plasmon of wave vector k and a particle of momen- 


tum p is given by 


2 » a k k: + (k?/2 2 
(8) Tae Ce REP PELI ne. 


Op 
and is very weak for long wave lengths (K<r7!, if r, is the interparticle spacing). 
However, this interaction plays the essential role of suppressing long wave 
length electron excitations and to obtain a consistent treatment it must be 
taken into account. 

The BP collective description is well suited to our present purposes be- 
cause in it a change in gauge corresponds to a simple displacement of the 
co-ordinates, Q,. It is possible by means of a simple canonical transformation 
to decouple the plasmons from the electrons to order 


1 kv; 

(4) I PISTA 
o) 

where », is the velocity of an electron at the Fermi surface and the average 

is carried out over all electronic momenta. This transformation guarantees 

the gauge invariance of the system properties to order g?. Hence if one has, 

in the London gauge (as do BCS) 


(5) lim J, = A, 


by proper inclusion of plasmons and a simple canonical transformation one 
finds in any other gauge, at worst, 


(6a) lim J, (@) = — = (1+ 99) A, (a) 
(60) lim Ja = — giA, (a) 


Since gi <1 for the long wave lengths of importance in the Meissner effect, 
the Meissner effect is thereby established in an arbitrary gauge in essentially 
unaltered form. 

The results (6a) and (6b) are based on the neglect of terms of order m/M 
and the assumption that the BP random phase approximation (RPA) may 
be applied to terms giving rise to electron plasmon interaction. The validity 
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of this approximation for the normal state has recently been discussed in some 
detail by NOZIÈRES and one of us (4); it is shown be valid for wave lengths 
such that k<k, = 0.47 ri. In the superconducting state, the RPA may be 
expected to be equally valid for terms involving plasmons explicitly, since 
these are but slightly altered on the transition from the normal to the super- 
conducting state. 

Our resolution of the difficulties with a gauge transformation represents 
a formal realization of the proposal made by BARDEEN (5) in response to the 
Buckingham objections. It is in some ways similar to the recent work of 
ANDERSON (5). Our approach is also closely related to a recent proposal of 
FEYNMAN (7) to the effect that a gauge invariant theory must include a « back- 
flow » around each electron as it moves through the metal. This « back-flow » 
is nothing but the plasmon cloud carried by each electron in consequence of 
the electron-plasmon interaction. The proof of the equivalence follows along 
the lines of a proof given earlier by one of us (8) in a discussion of the roton 
energy spectrum in liquid helium. We find that for long wave lengths, the 
longitudinal current carried by an electron plus its associated back-flow va- 
nishes and therefore only the plasmons are coupled to the gauge potential. 
Since the plasmons satisfy the continuity equation to order g*, we find a gauge 
invariant expression for the current density to this order, consistent with the 
arguments given above. 

In Sect. 2 we give the formal justification of the above remarks. In Sect. 3 
we discuss briefly certain remaining problems in the theory of superconductivity. 


2. — A generalization of the BP formulation to the problem of interacting 
electrons, phonons, and plasmons has been carried out by BARDEEN and one 
of the authors (9). The Hamiltonian which describes the interaction of this 
system with an external vector potential may be represented schematically as 


Hi ~ 
(7) H =H,+HAyt+ He DJ (9) :-A(— q) + Hp + Han + Ha, 


(4) P. Nozibres and D. PINES: Phys. Rev. (to appear in July 15th, 1958 issue). 
(5) J. BARDEEN: Nuovo Cimento, 5, 1766 (1957). 
fe). Pe 


Physics (Leiden, 1958) and private communication. 

(8) D. PiNES: Discussion at the International Congress on Theoretical Physics (Seattle, 
1956) and Proc. of Stevens Institute, Conference on the Many-Body Problem (Hoboken, 
N.J., 1957), to be published. 

(?) J. BARDEEN and D. Pines: Phys. Rev., 99, 1140 (1955), hereafter referred to 
as I. We adopt the notation of I with the exception that we use Hermitian plasmon 
variables z,, Q, instead of the anti-Hermitian P,, Q, used there. 
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if terms of order (m/M) are neglected and if one makes the RPA for terms 
involving the interaction between plasmons and electrons. The first three 
terms describe the one electron energies, a collection of plasmons of frequency 
©,, and a linear coupling between electrons and plasmons. The fourth term 
describes the coupling to an external vector potential and the remaining terms 
describe the phonon field, its coupling to the electrons, and the short range 
part of the Coulomb interaction between the electrons. In this representation 
the current density contains both an individual electron and a plasmon part, 
and is 

nei 1 /4rre? 

¢? 


(8) ci DES (p44 9 3 exp [— tq xi] — Qe = J(Q) + Jol(d) - 


The plasmon contribution vanishes for q>k,., the maximum wave-vector for 
which it is advantageous to introduce plasmons. 

Because the plasmons are described explicitly by an auxiliary field in 
I, the system is over-described; in general one has to impose a subsidiary con- 
dition relating the electron, phonon and plasmon variables, corresponding 
to the fact that plasmons are composed, of electrons and phonons. The sub- 
sidiary condition takes the form: 


(9) (x + ae DEEE ma) Y= 0 (k<k) , 


where g, is the phonon co-ordinate and uw, gives the admixture of phonons in 
a plasmon of momentum z,. The usefulness of the foregoing approach stems 
from fact that for the ground state and low-lying excited states which do not 
involve the simultaneous excitation of many electrons, the subsidiary condi- 
tions may be neglected (1°). 

The essential role that plasmons play in gauge invariance is brought out 
by the fact that a long wave length gauge transformation is equivalent to a 
displacement of the uncoupled plasmon co-ordinates, Q,. To see this we re- 
mark that the first four terms in (7) arise from 


>(p. DE > A, exp [ik-x,]) +i > k bo “I exp [ik- x) fam. 


Thus, a gauge transformation, A, > A, + kg, is equivalent to a displace- 
ment 


Qn > Qe + VE? |Ane pr. for k<k.. 


(9) D. Boum, K. HuANG and D. PINES: Phys. Rev., 107, 71 (1957). 


3462 


eee 7, da hr Figo ~. 
AE di aed iJ IAT hi Te set L re x. a 
à ved a : n - a > SI Ld ra Ps 


2, 


GAUGE INVARIANCE IN THE THEORY OF SUPERCONDUCTIVITY 501 


In I, the coupling between electrons and phonons, H,,,, was con- 
sidered in detail. A canonical transformation was carried out which eliminated 
this interaction in lowest order, and which simultaneously removed the phonon 
co-ordinates from the subsidiary condition (9). In the new Hamiltonian there 
appeared an effective interaction between the electrons due to virtual phonon 
exchange. This interaction, together with the screened Coulomb interaction, 
provided the basic interaction used in the BCS theory of superconductivity. 
BCS calculate the Meissner effect in the London gauge, for which the plasmon 
contribution to the current (8) will play no role. If the BCS calculation is 
repeated in a general gauge, one finds a plasmon response to the external 
longitudinal vector potential which cancels the direct gauge potential contri- 
bution to the longitudinal current. There will also be an individual electron 
response to the longitudinal vector potential, so that one finds a gauge de- 
pendent result in this approximation (1). 

The apparent gauge dependence of the theory is simply removed by a further 
canonical transformation, namely that which eliminates the electron-plasmon 
coupling term, H,,,, to order g? in the Hamiltonian. The transformation serves 
to clothe each electron with its appropriate cloud of virtual plasmons and 
thereby eliminates the coupling between the longitudinal vector potential and 
the «dressed » electrons to order g?. The interaction term, HU 


(10) Hint = 4 > 


2 
ik<kec k 


Arte? (E Pi 


hk? 7 
a A Q, exp [tk-x,], 


and the appropriate transformation may be generated by (7?) 


/4 = k: i — hk? 2 iy A 
(11) s=i > | = ( paio =| nt exp [ik-x,] . 
ik<ke 


di 


After the transformation generated by (11), the current density becomes, to 
order g’, 

ien Arce? 
uni q PTE di, 


(12) j@ =i 


(1) This difficulty would exist even if the electronic wave-functions of BCS were 
sufficiently accurate to yield a longitudinal sum rule for the individual electrons. 
It arises because at this stage one has overdescribed the system in terms of both 
plasmons and electrons; the description of the density fluctuations in terms of plasmons 
has been carried out in the Hamiltonian, but the description of the longitudinal current 
in terms of plasmons has not yet been carried out. 

(2) This transformation is somewhat simpler than that used in BP. The present 
transformation may easily be seen to give the results found there for all terms of 


order g?. 
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where again we have made the RPA for terms involving the interaction between 
plasmons and electrons. Thus in the new representation the longitudinal 
current is carried entirely by the plasmons; the « dressed » electrons make no 
contribution to the longitudinal current (to order g?). 

This is our desired result; it guarantees the gauge invariance of the theory 
to order gt. To see this explicitly, we calculate the kernel Æ,(q) defined by 


uv 


(13) J,(9) = K,,(a)4,(q), 


where J,(q) represents the expectation value of the current density. For the 
system ground state, Æ,,(q) may be expressed as 


1 DUR te : Pi e? 
(14) CT OUT ht 9 + ol DEAD 10) — TE da 


where |0) is the wave function for the ground state with energy £,, the 
propagator e is defined by e= E,— H, and P is a projection operator which 
requires that principal parts be taken in intermediate state sums. The usual 
approximation of keeping only terms linear in A has been made. If we now 
calculate K,, with the aid of our expression (12) for the transformed current, 
and the Hamiltonian transformed by (11), we find a plasmon contribution 
which is 


n J» NE? 
ER) = ieri 


This is just the result suggested by BARDEEN (°). The total kernel is given by 


yo, ne 1 
D tei 


Jem | 
q me" e \ el» 


: : ae 
Ofji x (q) ( q) È EX q) e Lx (4) DI 


where the second term includes only transverse excitations. The kernel satis- 
fies the conditions of gauge invariance (K w(4)9,= 9) and current conservation 
(4,E.y(1)=0). Since the transverse current is unaffected by our transfor- 
mation, the BCS calculation of K w in the London gauge is valid in a general 
gauge if their expression is generalized to 


Va 20 w 
kia = L K(q)ucs - 
This result is valid to terms of order g* and (m/M), and only requires the use 


of the RPA for terms involving plasmons explicitly. Such accuracy is certainly 


sufficient for the Meissner effect, since the wave lengths of importance there 
are such that k< k,. 
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To see the connection between the above approach and the recent FEYNMAN 
proposal we first remark that the transformation (11) is equivalent to intro- 
ducing a new set of wave-functions, Y, defined by: 


(18) W=exp | Sì ife (rim Lario, oggi x] p, 


ik<ke 


if the g were the system wave-functions before we took the electron-plasmon 
coupling into account. We next apply the subsidiary condition, (9), and so 
obtain (1): 


(16) = xp 


1 : k-p; + hk? /2 
Ee exp [+ tk: (x; — x;)] ee 


The wave-function (16) is just the appropriate generalization to the present 
case of the backflow wave-function proposed by FEYNMAN and COHEN (1) 
for liquid helium. It guarantees that the current carried by the states de- 
scribed by Ÿ should have a divergence-free expectation value (to order g?), 
which is the physical point of introducing the backflow. What we have done 
is to describe the backflow around an electron in terms of the virtual plasmon 
cloud which it carries along, a description which is physically equivalent but 
mathematically more convenient than that obtained with (16). 


3. — There remains the problem that the single particle matrix elements 
of the electron density, 0,, have not been properly screened. As a result, the 
longitudinal f sum rule 


(17) 2 oa |(x)no |?Ono = 1 


is not satisfied unless the subsidiary conditions are invoked. Our treatment 
screens the single particle current density and therefore provides a formulation 
sufficiently accurate to guarantee gauge invariance and satisfaction of the 
diagonal elements of the continuity equation. A more complete treatment in 
which the entire continuity equation is satisfied and the matrix elements of ox 
are appropriately screened may be possible on the basis of the minority carrier 
method introduced by Nozieres and one of us for the normal metal (15), The 


(3) We assume the phonons have been decoupled from the electrons and the 
subsidiary conditions by the procedure described in I. 

(4) R. P. FEYNMAN and M. ConEN: Phys. Rev., 102, 1189 (1956). 

(15) P. NOZIÈRES and D. Pinus: Phys. Rev., 109, 761 (1958). 
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minority carrier technique makes possible the explicit satisfaction of the lon- 
gitudinal f sum rule and gives à satisfactory account of longitudinal pheno- 
mena (such as ultrasonic attenuation) in the normal state. It is our hope that 
this method can be successfully extended to the superconducting state. We 
intend to return to this problem in the future. 


We should like to thank Professors JOHN BARDEEN and RICHARD FEYN- 
MAN for stimulating discussions on the subject matter of this paper. We 
should also like to thank Professor YVES RocARD for the hospitality exten- 
ded to us by the Laboratoire de Physique de l’Ecole Normale Supérieure. 


RIASSUNTO (*) 


Si dimostra che, tenendo il dovuto conto delle interazioni coulombiane tra gli 
elettroni, qualsiasi teoria della superconduttività che renda conto in modo soddisfa- 
cente dell’effetto Meissner nel gauge di London può essere estesa a renderne conto 
altrettanto soddisfacente in qualsiasi altro gauge. Calcoli basati sul trattamento col- 
lettivo di Bardeen-Pines del sistema elettrone-fonone mostrano che nella regione delle 
onde lunghe (k < k = r;*, dove r, è la distanza fra gli elettroni) solo i plasmoni rea- 
giscono in risposta a un potenziale vettore longitudinale. La loro risposta è tale da con- 
servare l’invarianza di gauge. Gli elettroni individuali sono circondati da una nube 
schermante di plasmoni virtuali in modo tale da non portare correnti longitudinali 
fino ad intensità dell’ordine k?/k? e non sono quindi influenzati da potenziali vettori 
longitudinali fino a tale ordine. Si dimostra che l'introduzione della nube schermo cor- 
risponde strettamente al flusso retrogrado introdotto da FEYNMAN e COHEN per garan- 
tire la conservazione della corrente longitudinale per le eccitazioni nell’elio liquido. 
I calcoli sono proseguiti fino all'ordine m/M e k*/k*, e richiedono l’uso dell’approssi- 
mazione di random phase pei termini che accoppiano plasmoni ed elettroni. Per le 
lunghezze d’onda aventi importanza nell’effetto Meissner (k <k,), queste approssima- 
zioni sono ampiamente giustificate. Si dA una prescrizione esplicita per l'estensione 
della derivazione di Bardeen, Cooper e Schrieffer dell'effetto Meissner ad un gauge 
arbitrario e si mostra che i loro risultati restano in essenza inalterati. 


(*) Traduzione a cura della Redazione. 
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(ricevuto il 30 Luglio 1958) 


Résumé. — La matrice de diffusion au sein de la matière nucléaire indé- 
finie a été calculée exactement dans le modèle où seules les corrélations 
statistiques sont prises en considération et grâce à l'emploi d’une inter- 
action nucléon-nucléon séparable. On en déduit un potentiel complexe 
pour la diffusion des nueléons par les noyaux. On discute la conver- 
gence des séries de perturbation et la validité du modèle classique de 
Lane et Wandell. Enfin, en faisant l’approximation de Thomas-Fermi, 
on montre qu’à basse énergie l'absorption a principalement lieu a la 
surface du noyau. 


4. — Introduction. 


In the last few years, great progresses have been made in our understanding 
of the gross properties of nuclei, mainly due to the work of BRUECKNER, BETHE 
and others (1). They have shown that when the so-called cluster terms may 
be neglected, one can derive the properties of the infinite nuclear matter in 
its ground state from an integral equation involving explicitly only two par- 
ticles. The effect of the other particles is taken into account both by the 
average field they produce and by their presence which, due to the Pauli 
principle, forbids a number of intermediate states. Though historically the 
problem of describing the interactions of a particle propagating in the nuclear 


K. A. BRUECKNER, C. Levinson and H. MAHMOUD: Phys. Rev., 95, 217 (1954). 
K. A. BRUECKNER and C. A. LEVINSON: Phys. Rev., 97, 1344 (1955). 

K. A. BruEcKNER and J. L. GammEL: Phys. Rev., 109, 1023 (1958). 

3, 241 (1958). 
H. A. Berne: Phys. Rev., 103, 1353 (1956). 

C 


) 
) 
) 
4) L. C. GOMES, J. D. Watecka and V. F. WEISSKOPF: Ann. Phys., 
) 
) C. DE DOMINICIS and P. C. MARTIN: Phys. Rev., 105, 1417 (1957). 
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medium through a complex potential was examined by WATSON and his co- 
workers before BRUECKNER’s work (7*)—see also Ref. (*) and (!)—explicit 
calculations related to this problem have not been pushed very far (1115). There 
appear in fact, when one goes from the ground state of nuclear matter to the 
scattering problem, a number of new difficulties which make this problem 
rather formidable. 


1) The decoupling operation of the various particles, which enables to 
establish a two-body integral equation cannot be accomplished in one step. 
One has first to decouple the incident particle from the target nucleus. The 
integral equation for the scattering amplitude of the incoming particle inside 
the target still involves the real nuclear states. A second operation must be 
done to disentangle the particles of the target nucleus. We shall make the 
assumption that the nucleus may be correctly described by a Fermi gas, SO 
that we shall escape this problem as well as the difficulties (*) connected with 
the fact that the real nuclear ground state has, in the general case, Momentum 
components onto the incoming wave function. 


2) If the optical potential is calculated according to WATSON’s work (71), 
one has to solve a scattering integral equation which involves a Green’s function 
in which the complex potential to be calculated appears. This particular form 
of the Green’s function makes the self-consistency problem quite awkward 
to solve when the imaginary part of the potential is not negligible. In the 
present work we shall suppose that all particles move in a real well whose 
momentum dependence will be treated, rather empirically in the effective mass 
approximation. 


3) When the two colliding particles are in the Fermi sea the scattering 
matrix depends very weakly on the absolute momentum of the particles in- 
volved. It can then be shown (22%) that it is legitimate to replace by a sphere 
the complicated bispherical domain (Fig. 2) on which the integration over 
the intermediate relative momentum must be made. This approximation 
renders feasible the numerical calculation. of the t-matrix, even when a com- 
plicated nucleon-nucleon interaction is used (7°). The situation in the scat- 
tering problem is quite different: the t-matrix depends strongly on the absolute 
momentum so that its evaluation is in general quite complicated even in the 
case where the target nucleus is taken as a Fermi gas and where the self- 
consisteney problem is left out or treated in the effective-mass approximation. 


+ M. WATSON: Phys. Rev., 89, 575 (1953). 

C. FRANCIS and K. M. WATSON: Phys. Rev., 97, 1336 (1955). 
TAKEDA and K. M. WATSON: Phys. Rev., 94, 1087 (1954). 

. M. Watson: Phys. Rev., 105, 1388 (1957). 
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In fact, calculations done up to now have resorted in some way to perturbation 
theory (1113:15) or to the extension to low energy of the classical model of 
GOLDBERGER (15) an extension which has still to be justified (aes 

This paper will be developed around a calculation of the t-matrix (Sect. 2). 
We used separable nucleon-nucleon interactions (??) which have the advantage 
of permitting an exact calculation (6) within the framework of approximations 
sketched above, but the inconvenient of their unphysical nature which renders 
rather futile an attempt to give a precise fit to the experimental data. We 
can hope, however, to be able to draw some general conclusions about the optical 
model. It will appear (Sect. 3) that at low and intermediate energies, the 
complex potential thus derived is fairly independent of the precise shape of 
the separable potential that is used. The rate of convergence of the pertur- 
bation series depends very strongly on the « singularity » of the nucleon-nucleon 
interaction. It will be shown that this convergence is much better for the 
real part of the optical potential than for the imaginary part where it is, in 
fact, quite bad. The main effect of the introduction of an effective mass of 
0.8 M is to decrease very much the imaginary part of the potential especially 
at low energy (the reduction factor is around 3 at zero energy). 

The following Section (Sect. 4) will be devoted to the study of the clas- 
sical approximation. We shall give a formulation of the classical model in 
which the imaginary part of the potential is more directly related than usually 
to the experimentally measured cross-sections. We shall show that the ani- 
sotropic part of the nucleon-nucleon potential contributes little, even at high 
energy. The results for the isotropic part are in qualitative agreement with 
those obtained recently by VAN DER VEGT and JONKER (??). 

The validity of the classical model will then be tested by comparing the 
absorption potential obtained from the classical model in which the free 
nucleon-nucleon cross-sections are calculated with a separable potential, with 
the more exact result obtained from the t-matrix calculation (Sect. 3) using 
the same nucleon-nucleon interaction. It will be seen that the agreement 


11) M. Cini and S. FUBINI: Nuovo Cimento, 2, 443 (1955). 

K. A. BRUECKNER, R. J. EDEN and N. C. Francis: Phys. Rev., 100, 891 (1955). 
. A. BRUECKNER: Phys. Rev., 103, 172 (1956). 

W. B. RiesenreLp and K. M. Warson: Phys. Rev., 102, 1157 (1957). 

L. VerLer: Nuovo Cimento, 7, 821 (1958) and Thesis to appear in Ann. Phys. 
M. L. GoLDBERGER: Phys. Rev., 74, 1269 (1948). 

A. M. Lane and C. F. WaANDEL: Phys. Rev. 98, 693 (1955). 

. CLEMENTEL and C. VILLI: Nuovo Cimento, 10, 176 (1955). 

. Hayakawa, M. Kawai and K. Kixvucut: Progr. Theor. Phys., 13, 415 (1955). 
_C. Morrison, H. MUIRHEAD and P. A. B. MurpocH: Phil. Mag., 46, 795 (1955). 
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between the two methods is not very good: below 100 MeV the classical ap- 
proximation underestimates the imaginary potential by about 50%. 

In the last section, we shall try to get an insight in the behaviour of the 
imaginary part of the potential in the surface region which will be treated 
in the Thomas-Fermi approximation. It will appear that the absorption is, 
at low energy, much bigger in the surface region than in the center of the 
nucleus and that this result is not due to our use of separable potentials 
although it may be completely altered in a more precise treatment of the 
problem. As it stands, this surface absorption has the advantage of com- 
pensating the too small volume absorption obtained when an appreciable 
effective mass effect is taken into account; this surface absorption is made 
plausible by some recent phenomenological analysis (2525). 
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2. — Calculation of the optical potential from the ¢-matrix. 


In the calculation of the optical potential from the t-matrix, the approx- 
imations stated in Sect. 1 have been made. 

The target nucleus is represented by a Fermi gas with N=Z and no 
Coulomb forces. In this section and the two following ones the density will 
correspond to a value for 7) of 1.27 fermis and the absolute energy — AF of 
the top of the Fermi sea is —10 MeV. The effect of varying the density will 
be studied in Sect. 5. 

We take for the separable potentials the simplest possible form which in 
momentum space is written (22): 


q) (PIV Ip) == gp) ain’). 


Such a potential acts only in S-states. 


The normalization of (1) is such that the forward part of the scattering 
amplitude for free nucleons takes the form: 


12) 10) = 229 (0) / a a rie 


The t-matrix for the two nucleon System is equal to 4xf(p). 
(2) F. E. BJORKLUND, 8. FERNBACH and N. SHERMAN Phys. Rev., 101, 1832 (1956). 


(24) H. AMSTER: Phys. Rev., 104, 1606 (1956). 
(5) F. E. BJoRKLUND and $. FERNBACH: Phys. Rev., 109, 1295 (1958). 
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We used two kinds of separable potentials: 


1) The Yamaguchi potential (2?) for which: 


_ 1 . 
g(p) = +e . (Y. potential). 


We fit all the four low energy scattering constants by using two different 
potentials for the singlet and triplet states. 


2) A more «singular » potential which fits exactly the effective range 
formula (5°). For this potential one has: 


g(p) = (E.R. potential). 


1 
Vp te 
We have again chosen two different interactions in the singlet and in the 
triplet states. 

The average total cross-section (0,,+0,,)/2 obtained with those two po- 
tentials is shown in Fig. 1. The experimental data (?’) are also given for com- 
parison. For o,, we took 
2x (do,,/12),,» Supposing 
charge independence and 
the isotropy of the pro- 
ton-proton cross-sections 
at all energies. We see 
that both potentials fit 
fairly well the total cross- 
section up to 80 MeV. 
Then they lead to cross- 
sections which are sub- 
stantially smaller than 
the experimental ones, 
especially so in the case i CE Es Mev di 
of the Y-potential. To 400 
obtain the t-matrix in the Fig. 1. - The average cross section (Gpp+Onn)/2 as à 


— 


nuclear medium, one has function of the energy in the laboratory. Curve 1: 
still: experimental curve (27) with On = 2r(d0,p/d2)g00 + 
Curves 2 and 3: cross sections obtained with the E.R. 

1) To take into and Y potentials respectively. 


(25) A. MARTIN and M. Gourpin: Nuovo Cimento, 6, 757 (1957). 
(27) L. BERETTA, C. Vici and F. FERRARI: Suppl. Nuovo Cimento, 12, 499 (1954). 
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account the antisymmetrization between the incident nucleon and the target 
nucleons. In the case of an S-state separable potential the direct and the ex- 
change parts are equal, and we get from this a factor 2. 


2) To sum over the spins and isotopic spins of the target nucleons and 
to average over the spin of the incident nucleon. This leads to a factor $ both 
for the triplet and singlet spin states. 


3) To sum over the A/4 different states of the Fermi-gas and multiply 
by a factor 1/Q, where Q is the volume of the nucleus, which comes from the 
normalization of the incident particle wave function. This gives: 


A/4 


ah 
Up: 


; 1 DE (k,+ k| 
> = gi [Ak = È fudup ap, where ie ‘ 


The triplet state contribution to the optical potential is then found to be: 


(3) ae nm) pdp u du gi(p) 
Mk, J1+ (M *]M) faq) —@ + ie) 


To this term must be added the singlet contribution which has a similar 
form. In this formula M* is the effective mass. The integration domains are 
as follows (Fig. 2). q must lie outside two 
Fermi spheres whose centers are 2x apart. The 
fact that k must lie inside the left Fermi sphere 
imposes on p and « the following limits: x» 
varies from k, — p to V (kè/2)+(k/2) — p? and 
p varies from (k,—k,)/2 to (ky+k,)/2. For 
the potentials that we have used, the inte- 
gration on q is immediate and leads for (3) 
to a denominator of the form 1— (J, +iJ,). 
The expression for the real part of the deno- 
minator is too long to be given here; its anal- 


ytical form depends on the form of the potential that is used. For J, one 
has generally: . 


Fig. 2. — Integration domain 
for Eq. (3). 


J, = 11g? (p)(p? ni me kx.) /u ; 


when (p? + u?— k;) is positive. Whenever this last expression is negative, 
which may happen when kr V2k,, J, is equal to zero. As in (3) the in- 
tegrations on w and p cannot be done analytically, the results we give below 
for the optical potential have been computed numerically. 
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3. - Results. 


Some of the results have been summarized in Table I. We have com- 
puted for 4 incident particle energies (— 10 MeV (k,y=k,), 27 MeV, 80 MeV, 
230 MeV) and generally, for both the Y potential and the ER potential, the 
real part of the optical potential given by the two first Born approximations 
and its exact value; the real part when the Pauli principle is not taken into 
account; the imaginary part given in the second Born approximation and 
exactly; the imaginary part when the Pauli principle is neglected and when 
the classical model is used. 


TABLE I 
Ey — 10 MeV | +30 MeV 80 MeV 230 MeV 
ky ky 1.5k, 2k» | 3k y 
pi ER ¥ BR | ER we ER 
VP 46.5 32.2 | 35.0 26.4 24.1 19.6 10.5 Le 
| 

DÒ 13.7 We NE 187 | 46.1 4.8 8.9 — 0.6 2.8 
Vr 66.7 69.8 | 48.7 51.5 23:1 25.7 8.7 13.7 
Die - 21-6 217 | 21.45 | 21.2 16.6 17.4 8.1 10.6 
VA 0 0 8.5 48 10.0 6.5 4.0 4.2 
D, 0 0 20.6 23.9 12.1 16.1 3.1 \ 6.0 
Viwp| 31.9 34.2 27.6 30.4 13.6 17.2 3.4 6.4 
Do 0 0 9.7 11.05 8.5 8.8 2.8 5.35 


The consideration of this table leads us to the first conclusion that at low 
and intermediate energies the optical potential is, to a good approximation, 
independent of the shape of the separable potential. This independence was 
already shown in the saturation problem by DE DOMINICIS and MARTIN (°). 
At higher energy, the differences are especially apparent in the results for the 
imaginary part of the potential. But it appears also that the values of the 
imaginary potential calculated with the Pauli principle are proportional to 
those calculated without it when one goes from one potential to the other; 
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so that the differences in the imaginary part of the potential at high energy 
are directly related to the differences in the free nucleon-nucleon cross-sections 
as can be expected on the basis of the classical model. 

The convergence of the series which gives the real part of the potential 
is seen to be rather good in the case of the Yamaguchi potential. For instance, 
for k,— k,, the rate of convergence as measured by the ratio of the second 
Born approximation to the first is of the order of 30% and the sum of the 
two first terms is only 10% lower than the exact result. It may be noted that 
the rate of convergence of the perturbation series with a nucleon-nucleon local 
gaussian potential with which a fit for the real part of the optical potential 
may be obtained (7°) is also of the order of 30%. On the other hand, the 
convergence, for the imaginary part of the potential, is quite bad. For 
ky =1.5k, the exact result is more than twice the result given by the first 
non vanishing term in the perturbation series, i.e. the second Born approx- 
imation. We may expect that in the case of a regular local interaction the 
perturbation series has not a structure very different from the one obtained 
with a «regular» separable potential, so that the value for the imaginary 
potential that we got in (1) with the second Born approximation may be 
substantially below the exact value. 

The E.R. potential being more «singular », the convergence of the corres- 
ponding perturbation series is worse, especially for the imaginary part of the 
potential; for k,=1.5k,, the contribution of the second Born approximation 
is only 20% of the exact value. 

The effect of the velocity dependence of the average potentials is illustrated 
by Fig. 3 and 4. We have 
plotted the curves for 
M*/M=1and M*/M=0.8. 
When an effective mass 
different from M is used 
the energy scale for the 
incident neutron must 
be modified so as to keep 
constant the product 


-40 


E M*(V—E,). The energy 
-201 & of the incident neutron 
is then: 
M ki,—k? 

ak sei lL ge NOI Ex = ge AS A à 

0 50 100 150 200 
Fig. 3. — The real part of the optical potential cal- Self consistency for neu- 
culated with the E.R. separable potential with M*— M trons near the top of the 
(curve 1) and M*=0.8M (curve 2). Fermi gas is obtained for 
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M*/M = 0.7. We took the Im (8) 
value 0.8 M for the effective 2agp MeV 


mass as a compromise since 
a lower value would tend to 
overestimate the velocity 
dependence for high mo- 
menta. The role of the ef- 
fective mass is especially 
striking at zero energy for 
the imaginary potential; as 
has been already noted (7) 
its second Born approxima- i 
tion is then divided by à 0 50 100 150 200 
factor (M/M*)? ~ 2. The ef- 
fect on the exact value is 


E, (MeV) 


Fig. 4. — The imaginary part of the optical potential 
; ) J calculated with the E.R. potential. Curve 1 and 2: 
still bigger: the reduction result of the t-matrix calculation with M*=M and 
factor is for the E.R. po- M*—0.8M respectively. Curve 3: result of the 
tential of the order of 3. classical model calculation. 

It would be a little smaller 

for the Y potential for which the convergence is better. 


4, — The classical model. 


We shall make now a further approximation which leads to the classical 
model: supposing that the wave length of the incident particle is small com- 
pared with the interparticle distance, the absorption potential is proportional 
to the sum of the cross-sections with the restriction that the possible final 
states should be permitted by the Pauli principle. One sees easily, using the 
same method and notations as in Sect. 2, that the imaginary potential is then: 


8 
(4) Die = — ME, dp du dq uo(p, pa) d(p_d)- 


o(p, p:q) is the average of the differential cross-sections for neutron proton 
and proton proton collisions. The integration domains are the same than in 
Sect. 2, and there is also the restriction p+w—k,> 0. We approximate 
the differential cross-section by the expression: 


(5) o(p, pa) = ap) + 0:(p)P1(cos 8) + 0:(p) P.(cos 0) . 


The quantities o(p), o,(p), op) are directly related to experiment. 


33 - Il Nuovo Cimento. 
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The imaginary part of the potential corresponding to the isotropic term 
in the cross-section is easily calculated. For the integration on q, one has: 


2xp 


(6) fa — Q) = + (u + pe — ki). 


After an immediate integration on uw, one has an expression for the imaginary 
part of the potential where the only integration to be done involves quan- 
tities directly related to experiment (*). 

The results are shown in Fig. 5. They are qualitatively similar to those 
obtained by VAN DER VEGT and JONKER (21). The differences arise mainly 
from the fact that we did not make the assumption o,, = 40 


np* 


0 eae er. _, Elab. 


210 40 90 O 190 


Fig. 5. — Imaginary potential obtained with the classical model using the experimental 
cross sections of Fig. 1 when only the isotropic part is included (curve 1) and when 
the anisotropy is taken into account (curve 2). 


The contribution to the imaginary potential due to the P, term in (5) 
cancels out. The P, contribution has been calculated using the experimental 
values (27) of o,(p); it is found to be fairly small. The imaginary potential 
with the P, correction included is shown in Fig. 5. The smallness of the ani- 
sotropy correction leads us to think that the addition of anisotropic terms 
to the separable potentials would not essentially change the results of the 
t-matrix calculation for the imaginary potential. 


(*) Similar expressions will be derived for x and K-mesons in a forthcoming paper. 
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ni 


We shall now introduce in the classical expression (4) the free nucleon- 
nucleon cross-sections calculated with the separable potentials of Sect. 2 
(curves 2 and 3, Fig. 1) and compare it with the imaginary part of the po- 
tential obtained from the t-matrix. We thus single out the effect of the clas- 
sical approximation with the restriction that we have still to show that the 
results obtained do not depend essentially on the fact that the potentials 
which were used are separable. The results are tabulated for both potentials 
in Table I and they are shown, for the ER potential in Fig. 4. It is seen that 
below 100 MeV the «exact» and the classical calculations differ by a factor 
of the order of 2. The failure of the classical model to lead to more than semi- 
quantitative results is of course not unexpected. From these results one is 
also tempted to conclude that above 100 MeV, the classical model still under- 
estimates the absorption and that it is altogether better to neglect, the Pauli 
principle than to take it into account through the Goldberger approximation. 
We shall see, however, that this last point rests on the special form of the 
potentials that we have used. To see this, we have calculated the ratio between 
the second Born approximation for the t-matrix with and without the exelusion 
principle, both for local and separable potentials. In Table II we have given 


TABLE II. — Ratios of various approximations of the t-matrix calculated with the Pauli 
principle taken into account to the same quantities when the exclusion principle is left out. 


| 


i Gaussian Yukawa ER potential Y potential 
yl | | 


| Dir. | Exch.| Dir. | Exch. |2*Born| Exact Class. |2°%Born| Exact | Class. 


230 3 | 0.47 | 0.71 | 0.53 | 0.58 0.82 | 0.94 | 0.83 | 0.75 | 0.91 0.82 


these ratios for the direct and exchange terms of the Gaussian and Yukawa 
potentials (1) which fit the low energy-data (columns 3-6 of Table II) and 
for the ER and Y separable potentials (columns 7 and 10 of the same table). 
We see that at fairly low energies these ratios are much the same whatever the 
potential is. On the opposite, at high energy the reduction due to the Pauli 
principle is much bigger for a local regular potential than for a separable 
potential. The reduction factor for the classical model, calculated Pi se- 
parable potentials (columns 9 and 12), is much the same than the one given, 
by the second Born approximation of the «exact » t-matrix calculated da 
the same potentials. The exact result is much less affected by the Pauli 
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principle than the second Born approximation. This obvious fact is illustrated 
by the figures of columns 8 and 11. The unsensivity of the second Born result 
to the nucleon-nucleon interaction, added to the fact that the reduetion factor 
is almost the same in the classical model and in the second order calculation, 
seems to point to the safe conclusion that the classical model overestimates 
badly the role of the Pauli principle at low and intermediate energies. As at 
high energy the effect of the Pauli principle depends strongly on the kind of 
interaction that is used, one cannot draw any conclusions from these arguments 
as to the validity of the Goldberger approximation at high energy. 


5. — Behaviour of the imaginary potential in the surface region. 


We shall now try to get an insight on the behaviour of the optical potential 
in the region of the nuclear surface. We shall make the Thomas-Fermi ap- 
proximation, i.e. we define in each point a local Fermi gas whose momentum k, 
depends on the local density o: 


hy = (39/2)? . 


We shall assume that the matter distribution is identical with the charge distri- 
bution given by Hofstadter’s experiments (25). As we are only interested in 
the surface region, we can choose any heavy nucleus. For instance, for gold, 
one has: 


aie 169 
RO = xp [@ — 6.38)/0.B35] * 


(7) 


in which r is expressed in fermis. In each point, we can define a local t-matrix 
in the same way as in Sect. 8, and thus a local complex potential. In this 
section we shall take AE = 7 MeV, which, taking (7) into account, gives, for 
the auxiliary well, the value of 45 MeV when M*/M —1. 

We cannot expect, with this method, to obtain anything of interest for 
the real part of the well, whose radial behaviour on the other hand is rather 
well explained to day (2°). The potential lies about 1 fermi outside the matter 
distribution for two reasons: 


1) The saturating character of the nuclear forces makes the relation 
between the potential and the density non-linear so that the potential lies 
outside the density by about 4 Fe due to this effect; as we used, for the sake 


(25) B. HAHN, D. G. RAVENHALL and R. HOFSTADTER: Phys. Rev., 101, 1131 (1956). 
(79) L. WiLEts: Phys. Rev., 101, 1805 (1956). 
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of simplicity forces which are not saturating (although they give at normal 
density the right order of magnitude for the binding energy (°)), we cannot 
take this effect into account. 


2) The finite range of the force, which is manifested especially by the 
direct part of the first Born approximation (°°); this effect, when properly 
treated yields another 4 Fe for the potential extension. Due to the unrealistic 
character of the separable potential, we cannot hope to reproduce correctly 
this effect either. 


On the other hand, we can hope to have some insight on the imaginary 
potential at low energy because we properly take into account the Pauli prin- 
ciple which is very important in this case, and because the finite range effect 
should be smaller than for the real potential as only Born approximations 
higher than the first one are non-vanishing. We plotted in Fig. 6 and 7 the 


120 


05 


La 
Pa 


imc) 
ÿ Mev 


Fig. 6. — Radial density (curve 1) and radial behaviour of the imaginary potential in 
the Thomas-Fermi approximation for E,=0 (curve 2), E,= 10 MeV (curve 3) and 
E,,= 30 MeV (curve 4) with M*/M=1. 


li 
imaginary potential for M*|M=1 and M*/M = 0.8 respectively for severa 
values of the incident particle energy. We see that the absorption takes place 
mainly on the surface at low energy. This is due to the fact that in the sur- 
face region there is à competition between two effects: a decrease in the 
density which finally, as the value of r increases, makes the absorption go to 
zero, and the action of the Pauli principle which becomes less and less im- 


(30) S. D. DRELL: Phys. Rev., 100, 97 (1955). 
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portant when one goes towards the surface of the nucleus. The predominance 
of this second effect at low energy explains the surface absorption. When 
the energy rises, the Pauli principle plays a smaller role so that the decrease 
of the density when one goes towards the outside tends to be the main effect. 


tl (4) 
Im) 
MeV 


Fig. 7. - Same as Fig. 6 except that M*/M— 0.8. 


About these results, we wish to make the following remarks: 


1) The surface absorption does not seem to be due to our use of the 
separable potential, although it may be exaggerated by it. We have made 
the same treatment of the surface behaviour of the imaginary potential with 
a local gaussian potential treated in second Born approximation. At zero 
energy of the incoming particle it gives an absorption on the surface which, 
at its maximum, is twice as big as it is in the center. On the other hand, the 
ratio of the second Born approximation to the exact value, as given with the 
ER separable potential with M*/M —1, goes from 0.25 at the center to 0.1 
in the region of maximum absorption, always at zero energy. This shows 
that we may expect a bigger contribution of higher Born approximations in 
the surface region than in the center, so that an exact calculation of the 
t-matrix with a local regular potential would give a surface absorption still 
more pronounced than when only the second Born approximation is considered. 
At zero energy the classical model gives also a surface absorption whose 
maximum is 3 times what it is at the center of the nucleus. 


2) The experimental situation, although it is still not completely clear, 


is not in contradiction with a surface absorption (2*25). In reference (25) ex- 
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perimental neutron elastic cross-sections are analyzed in terms of a real Saxon- 
type potential and of an imaginary potential of the form (°°): 


V, exp - ( +) ; 


where R,=1,4*. The constants are: b = 0.98 Fe, 7) = 1.25 Fe, V, is equal to 
7 MeV, 9.5 MeV and 11 MeV when the incident neutron energy is equal to 
4.1 MeV, 7 MeV and 14 MeV respectively. It may be seen that the results of 
this experimental analysis are in agreement, as far as orders of magnitude 
are concerned, with those that we deduced theoretically. 


3) Apart from the Thomas-Fermi approximation, some other approx- 
imations which have been made in this work may have an important influence 
on the shape of the absorption potential: 


— The velocity dependence has been assumed to be the same throughout 
the surface. It is obviously not the case as the velocity dependence tends to 
disappear when one goes towards the outside of the nucleus. It would seem 
naively that this effect tends to give à bigger surface absorption than the one 
which is calculated when the same velocity dependence as in the center of 
the nucleus is extended throughout. 


— We have neglected cluster terms which are probably important in the 
surface region (22) but we did not find any easy way to appreciate their in- 
fluence. 


(31) There is also an l-s force, which is irrelevant for the present discussion. 
(32) We are indebted to Dr. DE Dominicis for having pointed out this fact to us. 


RIASSUNTO (*) 


La matrice di diffusione dentro la materia nucleare indefinita è stata calcolata esat- 
tamente nel modello in cui si prendono in considerazione solo le correlazioni statistiche- 
e con l’impiego di un’interazione nucleone nucleone separabile. Se ne deduce un poten- 
ziale complesso per la diffusione dei nucleoni da parte dei nuclei. Si discute la con- 
vergenza delle serie di perturbazione e la validità del modello classico di Lane e Wandell. 
Infine, applicando l’approssimazione di Thomas-Fermi, si dimostra che alle basse 
energie l'assorbimento avviene principalmente alla superficie del nucleo. 


(*) Traduzione a cura della Redazione. 
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Two-Stage Model of Fermi Interactions. 


N. Byers (*) and R. E. PEIERLS 


Department of Mathematical Physics, University of Birmingham - England 


(ricevuto il 31 Luglio 1958) 


Summary. — The model of Fermi interactions which involves an inter- 
mediate charged boson of spin one is formulated and found to be capable 
of reproducing all the results of the direct interaction theory with A 
and V coupling provided the mass of the intermediate particle is suffi- 
ciently large. The only apparent difficulty for the model is the predicted 
radiative decay of the muon. 


We have considered the possibility of an intermediate charged vector boson 
in $ decay. Experimental evidence at present indicates that the weak inter- 
actions can be reasonably well described by four-fermion interactions of the 
V-A type (1). As has been pointed out by many authors, this strongly sug- 


gests the presence of a charged spin-one intermediate particle. We have con- 


Sidered the possibility of such an intermediate vector field, y,. It would 
interact with fermion fields by Yukawa coupling terms of the type 


(1) CORAN ET or 19’ PaVuV5V alu ’ 


where A, B are, for instance, proton and neutron, neutrino and electron, or 
neutrino and muon. (As has been pointed out by SCHWINGER (?), the strange 
particle decays may also be accounted for by postulating that this field also 
couples with pairs such as proton and A°, or 2°, neutron and =, etc.) If one 


(*) Present address: Department of Physics, Stanford University, Stanford, Cali- 
fornia, U.S.A. 

(1) E. D. G. SUDARSHAN and R. E. MARSHAK: Phys. Rev., 109, 1860 (1958). 

(2) J. SCHWINGER: Ann. of Phys., 2, 407 (1947) 
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takes g= g' and equal for all fermion pairs, one obtains the two-component 
neutrino theory and, in the limit as the mass M of the intermediate particle 
becomes infinitely large, the Feynman-Gell-Mann (*) scheme, which is in 
reasonably close agreement with experiment. 

We use a vector meson theory that consistently describes the interactions 
of a spin-one particle of mass M formulated in a relativistically covariant way 
without the introduction of a subsidiary condition (*). A Hamiltonian for- 
mulation of such a theory is well known (*) but is not convenient for the study 
of processes of second and higher order in the coupling constant. A formu- 
lation which does not contain a supplementary condition and is manifestly 
covariant greatly facilitates such considerations. 

In this framework, it is easily seen that in the limit of large M, the effective 
B interaction is uniquely a mixture of vector and axial vector coupling. For 
large but finite values of M, the effective 8 interaction is somewhat non-local. 
The form of this interaction is practically that discussed by LEE and YANG (°) 
and, as they have shown, the non-locality tends to increase the value of the 
Michel parameter above .75. This mechanism thus does not remove the dis- 
crepancy with the measured value of the Michel parameter, but any expla- 
nation for this discrepancy may well leave a little more room for a slight 
increase so that the present evidence (*) in this respect need not rule out a 
charged vector boson intermediate particle (+). 

To describe such particles, we take a free-field Lagrangian of the form 


(2) pr deri sa ie vet “e, 0% 0,4) è 
The equations of motion are then 

2 
(3) — L Pan E di PAT HOME = 0. 


It follows from (3) that 0,7, — 0, and therefore that there are just three so- 
lutions of (2) of given energy and momentum. To describe the interactions, 


R. Feynman and M. GeLL-MAMM: Phys. Rev., 109, 193 (1958). 
W. PauLI: Rev. Mod. Phys., 13, 203 (1941). 
G. WENTZEL: Quantum theory of fields, (New York, 1949). 
T. D. LEE and C. N. YANG: Phys. Rev., 108, 1611 (1957). 

yz redetermination of the Michel parameter in progress at present was reported 
at the 1958 Annual International Conference on High Energy Physics at CERN. The 
preliminary result reported was g = .736 + .022. l 

(+) It has recently been pointed out by G. FEINBERG (preprint) that a charged 
intermediate particle in u-decay would also predict the decay mode pe + Y with 
a frequency of about five times the experimental upper limit. As the calculation of 
this branching ratio involves a divergent integral, this result though indicating a real 
difficulty for this theory, is not unambiguous. 


(8) 
(3) 
(È) 
(9) 


6 
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we add to (3) £L"° (4,, y...) + 2°", where 
(4) PTE Zi ds, Xu a 1%; 


and j, is a sum of terms of the type given by (1) (*). It then follows that 
M? 0,7, = 0,7, The fact that ©, 7, no longer vanishes identically means that 
in the vicinity of the source-currents there appear virtual spinless bosons 
These are the analogue of the scalar photons in electrodynamies which produce 
the Coulomb interactions. In 8 decay, they give rise to the 0-0 transitions. 
The fact that 0,7,—0 in source-free regions is sufficient to ensure that the 
real particles described by the theory are spin-one particles. 

Such a theory can be quantized in the standard way (*). One can postu- 
late canonical commutation relations for three of the four field variables, the 
space-like x and their conjugate momenta x. The fourth component, %, can 
be eliminated and one obtains the Hamiltonian formulation of vector meson 
theory (°). The interaction Hamiltonian is given by 


A... =JI'X ag oy? = Mag oe + jg Ven — of) » 


in which the role of the scalar mesons is seen to be quite similar to that of 
the scalar photons in electrodynamics. 

However, a more convenient formalism for the present purpose is that of 
YANG and FELDMAN (7). Here only the commutation relations for the free 
fields are needed and these can be formulated in a completely covariant way (°). 
One has 


Lx, (0), gr (@')] = (6,,— MR) Dia — x). 


Then using the Heisenberg representation, one solves the field equations di- 
rectly. The Green’s function for equation (3) has the form 


n_ (dE 6,,+ kk, M 
Due) = if Cp it 


The fermion fields satisfy equations of the type 


(5) va) = via) + à | dia! Se — ory + SIA), 


È 3 
(*) We use the summation convention dui = Dix Foxe 
4 


(7) C. N. YANG and G. FELDMAN: Phys. Rev., 79, 927 (1950). The treatment of 
vector mesons with vector coupling given in this paper is not applicable to the B-decay 
problem. For f-decay, the vector field must interact with a current which is not con- 
served. If y # 0, equations (34) of YANG and FELDMAN are not consistent. 

(*?) R. E. PEIERLS: Proc. Roy. Soc., A 214, 143 (1952) 
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and the y, satisfy 
(6) Fila) =o | sa! De (@ aj), 


where S'*{(x — a’) is the retarded Green’s function for the Dirac equation and 
y; and os satisfy the free field equations. Tf one solves equation (5) by an 
iteration procedure, it is clear that y, will contain terms of the form 


(7) fato dte S(a@ — y)yu(gas + a8 Vs) Pal Y)DuvlY =; 2)Yn(2) Vy (Joo + JooYs)Po(?) . 


From this it is clear that the propagator for, e. g., the process n>p+e+v, 
which is 


(8) £0| L(y, P. Py Pu) 19> ; 


to second order in g will give a transition matrix element which is identical 
to that obtained from an effective Hamiltonian of the form 


(9) Ha= | dix dtyy,(yulg + 9 VP) Dual] — “w(Y)Y Je + JeYs)PvlY) + 


(Matrix elements of (9) are found to be identical to those obtained using HS 
in the Hamiltonian formulation and perturbation theory up to second order). 

If one takes g,=g, (i.e. two-component neutrinos) and y;9,3 %y the 
matrix element of (9) is 


(10) > da È i (i, (Dug +9 YU (PY) (He(1 V2, My (q)) » 


where k= p—p'=4+¢ and the u(p) are Dirac spinors. Except for the 
factor (k?+ M?), one easily sees using the Dirac equation (iy p+m,)u,(p)=0 
for the various spinors that (10) is equivalent to the usual four-fermion coupling 
in the scheme 


V—(q' |g) A+ (m,—™m,)m, M? S—(g'/g)\(m, + m,)m. MP. 


Similarly for u-decay a scalar coupling term appears multiplied by the 
factor m,,m,| M?. Apart from these extremely small contributions the non- 
local effects are all contained in the factor (k2? + M?)-? and such effects 
have been analyzed by LEE and YANG (5). We have examined the additional 
radiative corrections to the Michel parameter which are due to the presence 
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of the intermediate particle, and find that they are negligible. Therefore as- 
suming lepton conservation and the two-component neutrino theory, this model 
cannot account for the fact that the experimental value of the Michel para- 
meter is somewhat smaller than .75. If another explanation is found for this 
effect, it seems unlikely that it will allow for the mass of the y particle to be 
much less than five or ten times the muon mass. So far we have not found 
any specific effects due to such a particle that can be observed with present 
techniques. 


RIASSUNTO (*) 


Si da una formula per il modello delle interazioni di Fermi che coinvolge un bosone 
carico intermedio di spin uno e la si trova capace di riprodurre tutti i risultati della 
teoria dell’interazione diretta con accoppiamento A e V purché la massa della particella 
intermedia sia sufficientemente grande. La sola difficoltà apparente presentata dal 
modello è il decadimento radiativo del muone. 


(*) Traduzione a cura della Redazione. 
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NOTE TECNICHE 


Graphical Method for the Analysis of Bubble Chamber Pictures. 


V. BoRELLI, P. FRANZINI, I. MANNELLI, A. MINGUZZI-RANZI, 
R. SANTANGELO (*), F. SAPORETTI, V. SILVESTRINI, 
P. WALOSCHEK and V. ZOBOLI 
Istituto di Fisica dell Università - Bologna 
Istituto di Fisica dell’ Università - Pisa 
Istituto Nazionale di Fisica Nucleare - Sezioni di Bologna e Pisa 


(ricevuto il 25 Luglio 1958) 


summary. — A simple method for the analysis of bubble chamber pictures 
is described. It is sufficiently precise for most works and has been suc- 
cesfully used during the last year. Some details of practical interest are 


included. 


1. - Introduction. 


Efforts have been made in many laboratories to analyse accurately stereo- 
scopic photographs of bubble chamber events. Though it can be realized with 
very primitive technical means, the method described hereafter is enough 
‘precise for most of the bubble chamber works performed so far. For work 
involving high statistics more automatic methods, making use of digitizers 
and computers, will be preferred. Nevertheless we think that our « by hand 
method » is useful for routine checks and analysis of special events, for which 
a computer program is not convenient. 

For the reconstruction of the events following the presen 
necessary to know: 

a) the relative position of the front side fiducial marks; 


their position with 


t method, it is 


b) the relative position of the photocameras and 
respect to the central axis of the chamber; 


c) the depth of the chamber; 
d) the magnetic field. 


(*) At present at the Istituto di Fisica dell’Università, Padova. 
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It is not necessary to know the distance from the chamber to the photo- 
cameras. Also a « turning » of the photographic system or of the front glass 
(when changed) can be ignored and will be found out later from the pictures. 
Refraction indexes and glass thicknesses are not needed. Naturally, if all 
these things are known, one can check the correctness of the approximations 
used, especially if the stereoscopic angles are big. 

In practice, to obtain the reconstruction in space, we draw on a big sheet 
of paper, (« drawing plane »), all the relevant points of a picture, repeat this 
for each stereoscopic view and get graphically the projected and depth co- 
ordinates. With slide rules and Wulff-nets we get the angles and lengths in space. 


2. - Description of the method. 


If we imagine the photographic system as free from any refraction effects, 
the geometry becomes very simple, as shown in Fig. 1. If the fiducial marks 
of the front glasses are coincident in both views, 
then the same geometry is valid for the analysis. 

As one deduces from Fig. 1, the 2 co-ordinate of 
a point will be given by: 


: (1) pes ey 


and the co-ordinates in the « drawing plane » are ob- 
tained just by projection of the image points A, 
and A, from the optic axes 0, and O, (*). 

It can be shown that, if refraction effects are 
taken into account, in a good approximation all 
remains unchanged in Eq. (1), except the parameter 
a (exact formulae are given by P. Basst et al. (1)). 

The latter is related; to the distance, a’, between the photocameras and 
the front glass of the bubble chamber by the formula 


(2) a=a'n-(1— e), 


when » is the refraction index of the liquid and e depends essentially on the 
angle « (see Fig. 1). « is small enough to neglect the variation of a, and use 
a mean value, empirically determined from the separation of the images B;,B, 
of points (B) of the bottom of the chamber (+) 


a = 2D —BB) : 


(3) = 
B,B, 


(*) We suppose that the optic axes are normal to the front glass of the chamber. 

(1) P. Bassi, A. Lorta, J. A. MEYER, P. MITTNER and I. Scorontr: Nuovo Cimento, 
5, 1729 (1957). 

(+) As bottom points, the fiducial marks scretched on the bottom of the bubble 
chamber may be used, or the end points of tracks leaving the chamber at bottom. 
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Within our approximation the segment 4,4, is parallel to the line 0,0, going 
through the traces of the optic axes on the « drawing plane». From for- 
mula (3), it is clear that the knowledge of all the refraction indexes and glass 
thicknesses is not necessary, provided one knows %, the depth of the chamber. 

The parameter a is also independent of the distance from where the pic- 
tures are actually projected. The essential fact in the reprojection system 
is that the figures formed by the fiducial marks are similar to the original 
ones and equal in all views. Distortion-free objectives in general will satisfy 
these conditions. 


3. - Some remarks. 


The exact superposition of the different views may be obtained by dis- 
placement of the drawing paper. This avoids the use of complicated adjust- 
ment systems of the film. Also completely independent projectors could be 
used. Nevertheless, a rough superpo- 
sition of the different views is very useful 
during the scanning work. 

If one measures the co-ordinates 
of well defined points, like individual 
bubbles (true stereoscopy), the finding 
of the corresponding images is in 
general easy. For faster work it is 
convenient to look for corresponding 
points on portions of tracks without 
reference to the bubbles. In this case 
(near stereoscopy) one starts selecting 
a point in one view, draws from the 
same a parallel to 0,0,, and then, in 
the other view, the intersection of this 
line with the track will give the « cor- 
responding » point. The rest of the 
geometry is now very easy, andin Fig 2. 
ig sketched how it works with three 
views (*). 

Points A and B in Fig. 2 represent 
two point of a track. The « dip-angle » 
(defined as in emulsion technique) is 


given by: optic axis ” 
Az fiducialmark 
(4) tg Ô = mes È 
À actual “drawing” of the event 
and the « projected angle » can be mea- esi 
pz 


sured on the drawing. 


(*) As is well known, for «near stereoscopy » at least three photographs are necessary 
to get uniform precision in the measurement of dip angles. In our case we use for each 
point three projections. Each point corresponds to a « triangle » that. must be similar 
and parallel to the one formed by the traces of the optical axes. This gives a good mean 
value for the 2-coordinate of the point and allows to check for possible errors. 
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For curved tracks one may draw tangents in the different views, with the 
help of «templates » (curves of defined radii) attached to a drafting machine. 
One can then obtain the orthogonaly projected tangent with two points, like 
it has been done with a track. But one can easily show that this two points 
do not allow to calculate with enough precision the dip angle (formula (4)) 
and it is convenient to select points «on the track » or even better defined 
bubbles to compute 6. 

If the highest precision in the projected angles is not required (always 
the dip angles have far larger errors), one may use three points of each track 
and get the tangent using the sagitta. This method is very fast and simple; 
the errors involved are estimated in the following paragraph. 

The angles used here are given in a polar system with axis normal to the 
front glass of the bubble chamber. The transformation to any other system 
and the computation of angular parameters (i.e. co-planarity) can be con- 
veniently done on stereographic projection nets (Wulff-spheres) of adequate 
‘precision. 


4. = Precision of the measurements. 


The approximations done in the reconstruction of the events will affect 
especially the depth-co-ordinate z. The depths will depend on how well the « cor- 
responding » points have been found, how well the paper has been adjusted to 
make the fiducial marks coincident and on the correctness of the formula 
giving 2. One can compute all these errors analytically but many sources of 
error remain uncertain. We have collected enough material to show on an 
‘example what errors are done in routine work. 

More than 1000 elastic 7-+p colli- 
sions were measured in a 30 em propane 
bubble chamber (+) (see ref. (?) and (?)). 
The co-planarity of these events illu- 
strates the precision of the measure- 
ments. A small background of inelastic 
events do not affect the present discus- 
sion. We define as «angle of co-plana- 

Tig, à rity » the angle between the plane of the 
two emerging particles and the incident 
track. 

«Flat events» (azimuth less than 30°) are suitable to see how well are 
‘measured dip angles. Fig. 3a shows the co-planarity for 343 such flat events. 


N° events 


(+) A magnetic field of 13400 G was applied to the chamber ; three phopographs 
‘were taken and used for the analysis of each event. 

(?) S. BERGIA, V. BORELLI, L. LAVATELLI, A. Mincuzzi-RanzI, P. WALOSCHEK, 
V. ZoBoLI, G. BRAUTTI, L. CHERSOVANI, and R. Tosi: Geneva Conference, Jane 1948, 

(*) F. EIsLER, R. PLANO, A. PropELL, N. Samtos, M. SCHWARTZ, J. STEINBERGER. 
P. Bassi, V. BoRELLI, G. PuPPI, H. TANAKA, P. WALOSCHEK, V. ZoBoLI, M. CONVERSI, 
P. FRANZINI, I. MANNELLI, R. SANTANGELO and V. SILVESTRINI: Nuovo Cimento, in 
“press. 
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The mean «non-co-planarity » is of about 1.5°; this means that the average 
error on the dip angles was even smaller. 

Likevise, very steep events are suitable to see how well are measured the 
projected angles. In Fig. 3b, 177 such events are plotted (azimut between 
60° and 90°), and the mean «non-co-planarity » is nearly 0.8°. Three points 
were taken on each track: the dip was computed with the two extreme points, 
the tangent was drawn using the sagitta at the central point in the ortho- 
gonal projection. 

In cases of special interest (like V-events) it was in general possible to get 
the projected angle of a track of 10 em lenght with a precision of about 
+0.2°, and the dip angle with +1°. 

With the «fast » method described before, an average observer can analyse 
about 10 two-prong events per day, spending two hours at the projector 
and 3 to 4h for slide-rule computations. About one half of the calculation 
time can be saved by the use of an electronic computer, without any change 
in the measurement method. If momenta are measured, the velocity is reduced 
to one third. 


5. - Momentum measurements. 


If a magnetic field, normal to the front glass of the chamber is applied, 
the projected radius of curvature will give the (horizontal) momentum of the 
particle. The following formula has proved to be useful and in general precise 
enough: 


(5) Ry = ky Li: (1/n)-> B:/Li , 
where: 


n is the number of views used; 

R, are the radii of curvature measured with templates on each view; _ 

L, are the cords of the used portions of the tracks (the same portion AB 
must be used in each view); 

L, is the same cord in orthogonal projection, and 

k., depends only on the depth of the central point of the portion of track 
used and is given by: 


(6) kin = (D—)/D, 


where 0 = (A,A,+ B:B:)/2. 

R, must be measured on the projector while L, and ZL,, as well as the 
segments A,A, and B,B, can be obtained from the drawings. 

This procedure is equivalent to compute the mean of the sagittas for the 
different views, supposed to be equal. This is correct for flat tracks, and it 
can be shown to be enough approximate for the dipping ones. | 

The precision of the momentum measurements is very poor, especially in 
propane. The errors are mainly due to multiple Coulomb scattering; for low 
energetic particles the curvature changes along the track and a correction for 
ionization loss must also be applied. The uncertainty introduced by these and 
other effects justifies the use of the approximative method described before. 


34 - Il Nuovo Cimento. 
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Bi: We are very grateful to Prof. G. Puppr and to Prof. P. BASSI, who sug- 
gested to us the use of a graphical measurement method, and continuously 
encouraged us in our work. Prof. J. STEINBERGER contributed substantially 
_ to make the method reliable and accurate. For many discussions and help 
we thank Prof. M. CONVERSI. = 

ve. Many other persons have contributed with suggestions and discussions. 
| Part of the events shown in Fig. 3 have been measured by Drs. G. BRAUTTI, 
» JL. CHERSOVANI and R. TOSI at the Istituto di Fisica dell’Università, Trieste. 


RIASSUNTO 


Si descrive un metodo semplice per l’analisi delle fotografie di una camera a bolle. 
Questo metodo è sufficientemente preciso per la maggior parte dei casi ed è stato ado- 
perato con successo durante lo scorso anno. Sono inclusi alcuni dettagli di interesse 


iy pratico. 


LETTERE ALLA REDAZIONE 


(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Momentum Transfer Cross-Section in the Thomas-Fermi Theory, 


LEZ 


Department of Theoretical Physics - University of Lédé - Lédé 


(ricevuto il 25 Giugno 1958) 


In this paper we calculate the momentum transfer (diffusion) cross-section in 
the first Born approximation for the Thomas-Fermi field. The elastic collisions 
of electrons with molecules are defined as those encounters which leave unperturbed 
the initial internal state of the molecule, in our case the molecule is left in its normal 
state. In fact, one may easily show from the laws of conservation of momentum 
and energy that, if the angle of deflection of the electron is 0 and if the molecule 
is initially at rest, the fraction AZ/E of the original electron energy E imparted 
to the molecule is AE/E = (2m/M)(1 — cos 0). In the last formula m and M are 
the masses of the electron and molecule, respectively. This formula respects only 
the first order in m/M. As known the mean fraction energy loss per collision be- 
comes 2(m/M)Q:/% where Q, is the momentum transfer cross-section. 

Q, is often referred to as the diffusion cross-section on account of its importance 
in the discussion of diffusion phenomena. Q, is the total elastic cross-section. The 
momentum transfer cross-section is given by (1) 


(1) DRE 2m [0 — cos 0) sin 0 d0 = Q, — 2m | 10 cos 0 sin 0 dû , 


0 


where 1,(0) is the elastic differential cross-section. 
Using the Rozental (?) approximate solution for the Thomas-Fermi function 
for free neutral atom g(a) 


3 
(2) g(x) = D, c; exp [— 4,2], 


t=1 


where the constants c; and a; are given by ¢,= 0.255; c,— 0.581; ¢;= 0.164; a, — 0.246; 


(1) H. 8S. W.Massry and B. H. 8. BURHOP: Electronic and Ionic Impact Phenomena (Oxford, 


1952), p. 15. ; 
(2) S. ROZENTAL: Zeits. Phys., 98, 742 (1935). 
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ay= 0.947; az= 4.356 one can calculate as it was shown by the author (3) analytically 
the elastic differential cross-section I,(0) in the first Born approximation. The 
mentioned paper of the author shows that our numerical values for I,(0) agree well 
with the exact numerical values for 1,(0). Using the well known formula for the 
differential cross-section I,(0) in the first Born approximation we obtain according 
to equations (2) and (1) the following approximate formula for the momentum transfer 
cross-section Qa- 


c(2 @4+x 2a? + x? e (2 at + x? 2a? + x2 
D, = ¢ Angie = in sine In 
(3) Va Qo =F TY È È Dn a a?(a? ce #2) x a; a2(a2+ #2) a 


a ci É La a+? 202 + x? ) di ECO (2 is =2) mr ay ae A 


xa az az(a? +x?) x2(a? — a) x 


2 2 #2 8 2 Cy 2 2) 2 2 { 2 2 = 2 
CESSE ag?CsCe (1+ =3)m È —(1+ 3) 2+ 
= x 


x? ai x2(aè — as) DES a; \ = 


1 
Bag Pest 14 2a? ra as + x? sa 2aî "A ai + x? | 
a” a; ae a? 


x? 


#2(a2 — ai) 5 


and the total cross-section @, is given by 


2 2 2 2{ 12 
LISTE ci C5 C3 20201 az(a? + x?) 
a(a? + x?) as(as + x?) az(a2 + x?)  x?(a5 — al) aio +) 
26,0; az(a? + x?) 20365 CHU a #2) 
xè(ai — a?) ai(ag + x?) xa — a?) asa + x?) 


In the last two formulas the symbols x and g are given by (*) x = (33hv)/(25x$e2Z?) 
and g = (3$h2Z%)/(2!73a%e2m) respectively. In Table I we have several numerical 


Taste I. — The numerical results for QoZ-#/na2 and for QaZ-*/maj as the functions 
of V3/Z* (vis given in volt). 


QoZ-* a5 QaZ nas Q0Z #/rai Qal [rai 
V#/Z5 | (in ma? units) | (in 7a} units) V3/Zs | (in aa? units) | (in #9} units) 
Eq. (4) Eq. (3) Eq. (4) Eq. (3) 
1 60.30 36.56 6 2.81 0.41 
1.5 33.24 15.88 7 2.08 0.26 
2 20.87 8.31 8 1.61 0.16 
2.5 14.30 4.60 9 1.27 0.12 
3 10.30 3.01 10 1.04 0.082 
50 7.79 2.00 12 0.72 0.045 
4 6.07 aul 15 0.46 0.021 
5 3.99 0.72 20 0.26 0.008 0 


(8) M. MAJEWSKI and T. TreTz: Phys. Rev., 104, 1298 (1957). 

(*) The symbols appearing in x and g have the following meanings: a, is the first radius 
of hydrogen, Z is the atomic number, e is the electronic charge, m is the electron rest mass, h is 
Planck’s constant and v is the electron velocity of impact. 
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results for the total cross-section Q, as also the numerical results of the momentum 
transfer cross-section Q;. In this Table I Q,Z-# and Q,7Z-# are given in ra? units 
as a function of Z-3 VV where V is given in volt. 

Since the exact numerical values for the momentum transfer cross-section Va 
calculated from the Thomas-Fermi theory as also the exact graph for Q, are un- 
known, so we cannot compare our numerical results for Q, with the above mentioned. 
As it is shown by the author (4) the numerical results for the total cross-section où 
agree well with the graph of Mott and Massey, so we may suppose that our results 


for the momentum transfer cross-section Q, will too agree well with the exact 
numerical results. 


(*) See reference (*). 
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Relativistic Electron-Neutron Scattering According to Meson-Theory. 


L. K-VPANDIT 


Seminar für Theoretische Physik der Universität Zürich - Zürich 


(ricevuto il 29 Luglio 1958) 


1. - Introduction. 


Recently the present author (*) reported his calculations of the elastic scat- 
tering of high energy electrons by protons, using the charge-symmetrical pseudo- 
scalar meson theory with both pseudoscalar and pseudovector couplings. In these 
calculations, which were carried to the lowest order in covariant perturbation theory, 
a relativistic cut-off due to Arnous and HEITLER (*) was used. It was found that, 
for suitable choices of the coupling constant and the cut-off value, very good agree- 
ment with the experimental results of HOFSTADTER et al. (4) could be obtained. 
Thus, by adopting the coupling constant within reasonable limits, we could get 
agreement for the cut-off, Ko, ranging from a value of the order of the nucleon 
mass, M, up to co (for pv-coupling K,~ M is necessary as it diverges at co). Hor- 
STADTER and his coworkers (5) have now also measured the elastic scattering of 
electrons by deuterons. These measurements have actuated us to carry on the 
calculation of electron-neutron scattering in a manner exactly similar to that of 
electron-proton scattering. In the present paper, we shall report the results of these 
caleulations and compare them with the experiments. In this comparison we take 
for the measured electron-neutron scattering cross-sections simply the difference 
of the experimental electron-deuteron and electron-proton cross-sections. At the 
high energies involved, this may be considered a plausible enough comparison. 


G) L. K. Panpir: Nuovo Cimento, 7, 263 (1958). 
(2) L. K. PANDIT: Helv. Phys. Acta, 31, 379 (1958). 
(3) E. ARNoUS and W. HrITtLER: Nuovo Cimento, 2, 1282 (1955). 

(3) R. HorsTADTER and R. MCALLISTER: Phys. Rev., 98, 217 (1955); E. E. CHAMBERS: Ph. D. 
Thesis (Stanford University, May 1956). 

(5) M. R. YEARIAN and R. HOFSTADTER: Phys. IRev., 110, 552 (1958); R. HOFSTADTER, F. Bu- 
MILLER and M. R. YEARIAN: to be published. 
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2. - Caleulation results. 


As the calculations are exactly similar to the case of scattering by protons, we 
shall not give any details of the calculations here — the interested reader is referred 
to the paper of ref. (?). In the terminology of that paper, the straightforward 
meson theoretical calculation (to order (e?G?)) leads to the Rosenbluth-formula (f) 
for the differential cross-section, 


(1) 


o(6) == | e2 | cot? (0/2): cosec? (0/2) 


2H) 1+ (2E/M) sin? (0/2) 


1 0 
402 È (Fin + Mala)" tg? 2 + pak i ; 


where 0 is the angle of scattering, and Æ the energy of the incident electrons in the 
laboratory system, and the four-momentum transfer q is given by 


,  —4E*sin? (6/2) 
17 14 (2E/M) sin? (0/2): 


The rest mass of the electron has been neglected here. #,, and F,,, which are 
essentially functions of g?, are the so-called charge and magnetic moment form- 
factors of the neutron, respectively. y, is the anomalous magnetic moment of the 
neutron. What is now determined 
by meson-theory are the values of 
Fin, Fen as well as 4. The theo- 
retical value of pw, is (7), in nuclear 
magnetons: 


where 7, depends on the cut-off 
K,. It is this value of the anoma- 
lous magnetic moment which we use 0 


2 : CMOS TOs TONI GS 
(and must use if we wish to be con- 
sistent) in the cross-section formula, Fig. 1. — The magnetic moment form-factor of the 
neutron, Msn, plotted as a function of €? (= —q?/M*) 


and not the experimental value as 
is done in the phenomenological 
fitting by HOFSTADTER et al. (5). In 
equation (3), G is the coupling con- 
stant for pseudoscalar coupling and is also used to represent 2MF/u, F being 
the pseudovector coupling constant. Using this notation, y is the same for both 
the couplings. 


for different values of A»). For comparison a curve 
for the proton (shown dotted) is also given. 


(*) M. N. RoSeNBLUTH: Phys. Rev., 79, 615 (1950). 
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on! NEUTRON The magnetic moment form factor, 
005 o Psa] F,,, is independent of the coupling con- 
cals IE a | stant, but is dependent on Ko and is 
a,a' | the same for both the couplings. Fig. 1 

01 | KV, M pVta') shows Fo, plotted as a function of the 


lr Ss a are OR ETO scattering parameter e (= —q” JM?) for 
no vid oa various values of-the cut-off. For com- 


parison we also give in the figure one 
01 K=7,M PV (a) 


00 o 73 such curve for the proton. 
o e F,,, on the other hand, is diffe- 


fi BUS rent for the two couplings, the diffe- 
01 KM rence being very small for K, not much 
005 PS(a) larger than M. For K,= co, however, 
0 Go Uke Ce Ub. IE LR sia the pseudovector coupling will give a 
divergent result. On the other hand, 

Fig. 2. — « (ps-coupling) and a’ (pv-coupling) we find that F,, is negligibly small for 
plotted as functions of e° (= — q*/M”*) for different pseudoscalar coupling for all K, and for 


values of Ko. æ, & multiplied by — Sr give 5 = 
à seudovector coupling for K, not much 
the charge form-factor of the neutron, Fn ; for È DES È 


the two couplings. larger than M. It therefore plays al- 

most no part in the electron-neutron 

scattering. This is also the result 

found by HOFSTADTER and coworkers (°) experimentally. Fyn, which depends both 
on the coupling constant as well as the cut-off, can be expressed as: 


G2 
fe yl È 
(4) Fin=— = for ps-coupling, 
Ge : lino ç— (CUP 
SS es or pv-couplin nS = 
8x? ? : Eee lt | 
50 | 
+ NEUTRON 
A ‘(cime 100 
E= 500MeV, Di 216 
50 
10 PROTON 
30 E=500 MeV 
5 SÈ -16(PV), K=%M 
4TT DA PME 
3 10 
5 
1 
3 
05 
03 
120 60° 150 
05 
Fig. 3. — Differential cross-section for the scat- 03 
tering of 500 MeV electrons by neutrons plotted 40 60 80 100 120 6° 150 


as a function of the laboratory angle of scat- 
tering. The values of K, and coupling constant 
are indicated in the figure. Fy, being negligible, scattering of 500 MeV electrons by protons 
the curves are the same for both the couplings plotted as a function of the laboratory 
excepting the curve for K,= co which is for angle of scattering, for Ko = }Maund 


e a QUE GJän—16 with py-coupling. 


Fig. 4. — Differential cross-section for the 
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where « and «’ are functions of #2 and the cut-off. These are plotted in Fig. 2 and 
are seen to be very small. 

Finally, in Fig. 3 we give the scattering cross-section, for 500 MeV electrons. 
scattered by neutrons, as a function of the angle of scattering. For comparison 
with the proton case we also give similar results for electron-proton scattering 
in Fig. 4. 

It will be noticed that the dependence of on X, has the opposite trend to that 
of the proton case, since for AK, +0 the mesonic effects are eliminated. The meson 
cloud diminishes the scattering for the proton but is the only contibutor to the 
scattering for the neutron case. 


3. - Discussion of the results - Conclusions. 


For electron-proton scattering (2), we had found that excellent agreement with 
experiments could be obtained for many different suitable choices of the two para- 
meters, K, and G?/4x, involved. Thus, for K,=$M and G?/4a=31 we had almost 
a perfect fit. Again for G?/47—16 and X,=co (only for ps-coupling, pv-coupling 
diverges in this case) the fit was very good. Therefore, what the best choice should 
be could not be determined by electron-proton scattering alone. But our results 
on electron-neutron scattering radically change this picture. We find that a theory 
without cut-off is completely ruled out by the data on electron-neutron scattering. 
It is absolutely essential to have a cut-off of the order of the nucleon mass, M, 
if we are to be able to come anywhere near the experimental values, for reasonable 
choices of the coupling constant. The situation is now very similar to the case of 
the anomalous magnetie moments of the neutron and the proton. Both of these 
cannot be simultaneously fitted to their experimental values in a second order per- 
turbation calculation — though a cut-off of the order of the nucleon mass improves 
the situation a great deal (2). We find that if we wish to fit both the electron-neutron 
and the electron-proton scattering data simultaneously, the optimum values of the. 
parameters involved are K,=3M and G?/4n=16 (F?/4a—~0.08). The fit is, of course, 
then not perfect in either case — which is, naturally, to be expected in a lowest 
order perturbation calculation. But the agreement is then reasonable for both the 
data within a factor of 2. This is a very encouraging result, for the value of A) =3M 
agrees very well with the cut-off required by the mass-difference of the charged 
and neutral x-mesons (3). At the same time the choice G?j4n=16,(F?/4x 0.08) 
and X,=3M is also the one required for fitting the data on pion-nucleon scattering (*). 

This agreement between the values of K, required by three different phenomena 
indicates the universality of the cut-off. We may conclude, that meson-theory 
with this universal cut-off is in a position to explain the electron-nucleon scattering. 


OK OK 


i ; hi . p saar W 7 
The author wishes to express his grateful thanks to Professor W. HEITLER for 
his continued encouragement throughout this work. His sincere thanks are also due. 
to the Swiss Atomic Energy Commission for financial aid. 


(7) G. F. Cuew: Phys. Rev., 94, 1748, 1755 (1957) and subsequent papers. 
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of K'-Mesons in the Energy Region (240-300) MeV. 


D. KEeEFE. A. KERNAN and A. MONTWILL 


University College - Dublin 


(ricevuto P11 Agosto 1958) 


A total of 144 stars produced by 
K'-mesons have been found during a 
track scan of 72 m ot heavy meson track 
length in a stack (X,) of photographie 
emulsion exposed to the separated 
300 MeV Kt beam at the Bevatron. 
The nominal beam momentum at entry 
to the stack was 625 MeV/c, the heavy 
mesons being produced in copper at 60° 
to the 6.2 GeV proton beam, and passed 
through a Beryllium degrader 26 in. 
thick. The actual energy at entry of 
the K-particles is 304 MeV. 

The x to K ratio observed in the 
stack was about 2:1, but there was 
little trouble distinguishing between the 
two sorts of tracks since the blob density 
was about 30% higher in the K-meson 
tracks than the 7-meson tracks, the 
latter having the minimum value. The 
K-meson tracks were chosen for fol- 
lowing by line scanning 15 mm from the 
entry of the beam across the direction 
of motion, and selecting those tracks 
which, on the basis of counting 300 blobs, 
had a blob density within 10% of the 
expected value. (All plates were nor- 
malised by measuring the blob density 
in the z-meson tracks). As an additional 
check all tracks were blob-counted after 


= 8 em, near their exit, to ensure that 
no error in following through had resulted 
in picking up a x-meson track in the 
process. Only 2% of the total track 
length followed was in fact due to 
T-mesons or protons. 

A summary of the type of events 
found is shown in Table I. The angles 
of scattering in the CM system for the 
4 K-H scatters found are 80°, 98°, 108°, 
and 136°. 


TABLE I. — Events found in 72m of 
K* track. 
| | Inelastic Charge = ‘Decay in) 
scatters exchange K-H flight | 
te ch | i= | 
Number! 94 | 46 | 4 16 
| il 
Cross- 280 138 17 
section mb mb mb 
| CE | | 


The measured mean-free path in emul- 
sion for nuclear interactions (including 
K-H) is 5145 em and the fraction of 
charge exchange events among the total 
is 0.32. No event in which a charged 


r-meson was certainly created has been 
found. 
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Fig. 1 shows a plot of the fractional 
energy loss AH, versus the laboratory 
angle of scatter 0 for the non-charge- 
exchange events. The full line shows 


100, —-----— FT 
. # 


-80- . 


| col 4 
LOF n 
ly / 
< 40, < 
DT 
-20+ / y 


0 — 


0 “20 20 60 80 100 120 140 160 180 


Riss 1. 


the variation expected for a K-meson 
striking a stationary nucleon. The region 
between the dashed curves is that allowed 
for collisions with nucleons of a Fermi gas 
with maximum momentum 215 MeV/c. 
From the scattering of the points outside 
this area it is clear that a large fraction 
of the events cannot be interpreted in 
terms of single scattering of the meson 
from just one nucleon within the nucleus. 
This is to be expected since an approxi- 
mate calculation of the fraction of cases 
in which double scattering within a 
nucleus is expected to occur gives an 
answer of ~ 30% based on the formula 
of ref. (1). 

The high proportion of events where 
the K-meson nucleus collision cannot 
be interpreted as an interaction with just 
one nucleon of the nucleon gas, makes 
an analysis of the events in the CM sys- 
tem oî the meson and assumed target 
nucleon (such as for example was carried 
out in (2)), only very approximate. 

In order to obtain some rough idea 
of the behaviour of the CM differential 
cross-section on an «average» nucleon, 
the very simple model of a stationary 


(1) K. A. BRUECKNER, R. SERBFR and 
K. M. Watson: Phys. Rev., 84, 253 (1951). 
@) B. BHOWMIK, D. Evans, S. NILSSON, 
D. Prowse, F. ANDERSON, D. Kreps, A. KER- 
NAN and J. Losty: Nuovo Cimento, 6, 410 (1957). 
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target nucleon was assumed. The angle 
of scattering of the K-meson in the 
Laboratory System, 0, and the inelas- 
ticity AH for each event were not in 
general in agreement with this hypothesis 
and so two angles in the CM frame, 
yx and yy could be computed. The 
better the approximation the more 
closely one expects y; and yy to approach 
each other. Fig. 2 shows the pairs of 
values (71; %n) obtained for each event 
and the dashed lines show the limits of 
spread possible for collisions with a Fermi 
gas of nucleons (Pmax = 215 MeV/c). 
Again, one sees that about one third 
of the points do not conform with the 
picture of a single meson-nucleon col- 
lision. The most significant feature of 
the diagram is that of the points which 
do lie within the allowed region com- 
patible with single scattering, the great 
majority correspond to strong backward 
scattering in the CM system, whether 
the CM angle is computed from the 
angle @ or the inelasticity AH in the 
Laboratory frame. 


cos Xi > 
{0.28 Ome 28 OE ad: 6 8 10 


Vig. 2. 


The data collected at the Geneva 
Conference on K-H interactions in this 
energy region (*) indicate a total cross- 


(3) Reports of B.N.L., Bristol, Dublin U.C., 
Padua and U.C.L.A. groups; Proc. Geneva Con- 
ference (June 1958). 
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section of ~20mb (to be compared 
with 14 mb at ~ 100 MeV), and a dif- 
ferential cross-section without any strong 
departures from isotropy. Thus apart 
from a slight increase in strength and a 
slight backward peaking there appears 
to be no serious change in the T=1 
interaction. However, compared with 
the results on K* interactions at 
~ 100 MeV, the rapid increase in nu- 
clear absorption at the present energy, 
the high fraction, 0.32, of charge ex- 
change events (if only single scattering 
had occurred in each nucleus this figure 
would have been 0.29), and the sug- 
gestion of strong backward scattering 
shown by a crude examination of con- 
ditions in the CM frame, are all most 
easily interpreted in terms of a change 


in the K-neutron interaction, in par- 
ticular that part involving the T—0 
state. The rapid change from the rela- 
tively small 7=0 contribution at the 
lower energy to a significant one at 
~ 270 MeV would support the evidence 
from the anisotropy-(if confirmed) that 
this Isotopic Spin state was associated 
with an angular momentum state other 
than /= 0. 


* * * 


We are greatly indebted to Dr. E. J. 
LOFGREN and the staff of his laboratory 
for the exposure of the stack and to 
Professor C. F. PoweLz and his colleagues 
at Bristol for the processing of the plates, 
and to the groups at Padua, U.C.L.A. 
and Bristol for exchanges of information. 
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Some Features of the Electron Energy Spectrum in the K.; Decay Process. 


S. FURUICHI (*), S. Sawapa and M. YONEZAWA 


Department of Physics, Hiroshima University - Hiroshima 


(ricevuto il 26 Agosto 1958) 


In order to circumvent the difficulty that we have not detailed information 
of the effective coupling constants in the analysis of theK,, decay process, it has 
been proposed to examine various physical quantities in correlation with the fixed 
pion energy (1). In this short note we will show that there exist some characteristic 
features in the theoretical energy spectrum of the electron in the K,; decay pro- 
cess and the experimental analysis of these simple features seems to be easier 
than the investigation for the correlation with the pion energy. 

For the benefit of the later discussions, we will at first give the electron-pion 
energy correlation function. Starting with the same transition matrices of the 
previous article, it is given by (?) 


(1) D(pos bo) ~| (lp) |2(Wee — Lo) + |B” (Ip) mx {2020 (mx — lo — Do) — Mr (Wa — bo) } + 
# |E°(%) (mi (Wa —1,)(mx — ly — 2Po)+2 Re LP) Fd) mr (Wz — Io) (mx — lo—2Po) ; 


and the available energy range of the electron for a fixed pion energy lo is 


(2) por = (me — ly + 1)/2, 


in 


W.= (m+ m2)/2my: available maximum energy of the pion; 


Mx: K-meson mass; 
Do: electron energy; 
Lo: pion energy; 

l: pion momentum; 


(*) Now at Department of Physics, Rikkyo University, Tokyo. ; 

(3) Cf. for example A. Pats and S. B. TREIMAN: Phys. Rev., 105, 1616 (1957); S. FURUICHI, 
S. Sawanpa and M. YoNEZAWA: Nuovo Cimento, T, 718 (1958). 

(2) S. FURUICHI, T. KODAMA, S. OGAWA, Y. SUGAHARA, A. WAKASA and M. YoNEZAWA: Progr. 
Theor. Phys., 17, 89 (1957). 
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where the mass of the electron is neglected. As is seen in (1) the S-V and V-T 
interference terms do not appear. The general electron energy spectrum for the fixed. 
pion energy is a polynomial of second degree in powers of the electron energy po. For 
an arbitrary pion energy, the pure scalar distribution is constant and the vector 
and the tensor give the spectra which are symmetric with respect to the middle 
4 point of the available energy range (2). F°(l)?, … can be given experimentally if 
AS the energy of the pion is given. However the experimental investigation of the pion 


energy spectrum is not an easy task and it will take time before the experimental 


1 data are sufficiently accumulated. In this note we will consider the expression (1) 
4 not assuming any particular assumptions about the effective coupling constants. 
x We should like to note in connection with the present experimental indication that 


the actually meaningful bimodal distribution can be realized only with tensor 


interaction (3). 
We propose here to investigate the quantity R which is the ratio of high energy 


secondary electrons to low energy electrons defined as 


number of electrons with energy > W./2 


È 


number of electrons with energy< W./2 i 
where W, is the available maximum energy of the electron and is given by 
2 
W, = (mt —mi.)/2mx . 


The theoretical lower limit of this ratio min can be given by 


me PIET pmax 
fanfare D(Po; lo) far D (po, ly) 
Ry = min pice tliat = min te? 
min Wa wea = Well , 
| dl, | dp) D (Po: bo) | dpo D (Po: do) 
Mr Pomin Pamin 


where min means the minimum when all possibilities are granted for the energy 
dependence of the effective coupling constants. min can easily be calculated from 
the expression of the electron-pion energy correlation function (1). It gives 


eil for any case when the S-7 interference does not exist, 


= 0.07 for the case when S-7 interference exists . 


ag (9) In the case of pure tensor interaction, the height of the first peak h, is always lower than 
à: = "ui of the second peak h,. If the bimodal feature is the real one and h, is higher than h,; 
+ ) his is the indication of scalar interaction in addition to the tensor interaction. f 
cs 
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The accumulation of the experimental data of K so far reported is given 7 


in Fig. 1 (4). 
The data seem to show the bimodal feature and the preponderance of low 
energy electrons over high energy | 
ones. 
The small R value of the present ex- 
perimental data (R—17/26—0.65) (5) 
can be only explained by the existence 
of the S-T interference term. If the 
experiment can confirm À < 1, then 
it will afford some criticalinformation = 
for the arguments of the type of decay 
interaction. 
The importance of the K,; spec- 
trum must be especially emphasized 
in connection with the present situa- 
tion that there is no strong evidence 


10 


Number of events / 20 MeV 


which is unfavorable for the universal Kinetic oo Sree ae 
weak Fermi V-A theory (°), while the i 
present experimental data of Ki, give Fig. 1. 


the suggestion that their decay inter- 
action contains S and 7 and the 
V-A theory has rather small chance to explain the spectrum. 

We remark that if the relative phase of S and 7 is (2n+1)z/2 which means. 
the maximum violation of time-reversal invariance (’), the S-T interference vanishes. 
and no solution consistent with the present experiment is obtainable. In such case. 
we must consider other possibilities such as a Konopinski-Uhlenbeck type of weak 
interaction. Further investigation on these points will be discussed elsewhere. 


(4) M. W. FRIEDLANDER, D. KEEFE, M. G. K. MENon and L. VAN Rossum: Phil. Mag., 45, 
1043 (1954); M. G. K. MENON and C. O’CEALLAIGH: Proc. Roy. Soc., 221 A, 292 (1954); C. DAHA- 
NAYAKE, P. E. FRANCOIS, Y. FUJIMOTO, P. IREDALE, C. J. WADDINGTON and M. YASIN: Phil. Mag., 
45, 1219 (1954); R. H. JOHNSTON and C. O’CEALLAIGH: Phil. Mag., 46, 393 (1955); D. M. Rirson, 
A. PEVSNER, S. C. FUNG, M. WIDGOFF, G. T. ZORN, $. GOLDHABER and G. GOLDHABER: Phys. Rev., 
101, 185 (1956); J. CRUSSARD, V. FOUCHÉ, J. Hennessy, G. Kayas, L. LEPRINCE-RINGUET, D. Mo- 
RELLET and F. RENARD: Nuovo Cimento, 3, 731 (1956); 4, 1195 (1956); G-STACK COLLABORATION: 
Nuovo Cimento, 2, 1063 (1955); W. A. COOPER, H. Fitruurs, J. A. NEWTH and R. A. SALMERON: 
Nuovo Cimento, 4, 390 (1956); R. W. BIRGE, D. H. PERKINS, J. R. PETERSON, D. H. STORK and 
M. N. WHITEHEAD: Nuovo Cimento, 4, 834 (1956); J. OREAR, G. HARRIS and S. TAYLOR: Phys. Rev. 
104, 1463 (1957); G. ALEXANDER, R. H. W. Jomnsron and C. O'CEALLAIGH: Nuovo Cimento, 6.. 
478 (1958). 

(®) This value will be reduced if the Ke, mode of K-m2son d:cay exists. 

(6) R. P. Feynman and M. GELL-MANN: Phys. Rev., 109, 193 (1958). 

(7) S.. FURUICHI: Nuovo Cimento, 7, 269 (1958). 
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Symmetry Properties of Clebsch-Gordon’s Coefficients. 


T. REGGE 


Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(ricevuto il 23 Settembre 1958) 


It has been known since long that the coefficients for the composition of angular 
momenta possess a symmetry group of 12 elements. This group consists of the 
6 permutations of 3 angular momenta and of the space reflection. 

The physical significance of these symmetries is evident and it led very early 
to their discovery. However a more elaborate analysis shows that they are part 
of a much larger group of 72 elements. Unnecessary details of the proof will be 
omitted here. For a better understanding of the symmetry properties we shall 
employ a different notation for the coefficients as follows: 


ip ie 
(1) (: B = 


The 9 elements of the square symbol at the-right are bound by 4 equations. In 
fact all sums by rows and columns are equal to a+b+c=J. Moreover all elements 
are non-negative integers. We shall define also a square symbol in the case when 
it does not satisfy the above restrictions by letting it vanish. Clebsch-Gordon 
coefficients are defined by the expansion (1): 


(2) (yt — Wy Vg) 400 (Wy — Wat) (Uy Wy — Wylby) ote? = 
= VUFHer b+ e—gieta—Hiy (| : 4 
apy x B Pa 


A—Xp a+ 30 — Pao +B C— YanC+y 
Uy Ws 74 Us wy Ws 7 


Via + a)! (a ==! + VIN (+ 


By multiplying both sides of this equation by: 


il 
b+c—a ge+a—-b a+b-c _ 
Us V3 0%, 


(a+b—c)!(b+cT—a)!(c+a—d)!" 


3506 


SYMMETRY PROPERTIES OF CLEBSCH-GORDON’S COEFFICIENTS 545 


where w3, ©, w, are parameters and Summing upon all values of a, b, ¢ compatible 
with the triangular inequality, the left term, if J is kept fixed, becomes the J-th 
power of a determinant. The right term assumes a most symmetrical form upon 
introduction of the square symbol: 


J 


Uy Vy W 
(3) | Uy Do Us | = 


Us Us Wa 


Ati fre wAis qu PA 22 9423 40 431 40 432 QA 
Us Us? Us Vi DU 2 Us WwW; 1W53 Wg33 


(Ay ! A! Ars l'An ! A2! Agg! As! Agg! Ag3!)? 


Under this form the properties of C-G symbols appear in full light: 


a) The square is multiplied by (P)’ (P= +1) by permutations of columns of 
parity P. These are known symmetries. 


b) The same happens for rows. The exchange of the lowest rows is space 
reflection. The others are entirely new. 


c) Rows can be exchanged with columns. Also this Symmetry is new. 


Wigner’s 9 —j symbol shows similar properties. 

Thus far we cannot justify these symmetries using simple physical arguments. 
Work is in progress in order to check whether these additional properties entail 
some consequences for Racah’s W coefficients and Wigner’s 9 — j symbols. 


* *X * 


I wish to thank particularly Prof. G. RACAH for many fruitful discussions and 
kind encouragement. 
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This note investigates the unambiguity of the differential dynamical quantities 


of a system. 
Suppose a physical system is characterised by the action integral 


us =|, Wal®)s 0 ,,al)) dx , 
R 


extended over an arbitrary space-time region. The equations of motion, following 
from Hamilton’s principle, are then the Euler-Lagrange equations. It is well known 
(see e.g. (**)) that if W is invariant under some symmetry transformation 


T 
Ly > Hy > 
pale) > wala") » 


then 


(1) 5W =0 = [rer …) de'— | L(p(#),%.-) de = 


R' R 


i.e. the conservation rule 


(1a) D,f,=9; 


G) E. NOETHER: Nachr. d. kgl. Ges. d. Wiss. Goltingen, p. 235, (1918). 
@) E. L. HiLn: Rev. Mod. Phys. 23, 253 (1951). 
@) P. Roman: Acta Phys. Hung., 5, 143, (1955). 
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follows, with 


OL OL 
(2) a Op + 
ie | uv 0, y D Vy EG) 


Here 


are the changes of x and y under the infinitesimal element of the symmetry group 
and D, is the « complete » partial differentiation symbol 


lo) 
(24) Mn Ne rea 
Di 


which we will use consistently to avoid confusion. 
It is also known that if one replaces L by DY = JL + F where 


He == Pe, 


and the arbitrary functions P, may depend on the y but not on their derivatives, 
then W®=—[L®dx leads to the same equations of motion. Indeed, one can show 


R 
(see ref. (2), p. 256) that F alone satisfies the Euler-Lagrange equations: 


oF OF 


(A) = — Dy 5 
oy © 00, 


00 


Also, the addition of F should not destroy the symmetry properties of W. The 
criterion that a transformation group is a symmetry group of the system, has been 
explicitly demonstrated by Hutt (2), eq. (36). As Z satisfies this condition, we 
need for F 


OF OF 
(B) dx, 0,F + dy da a d 0, 00,0 + F0, 5x, = — D,,39, , 


where the 2, are arbitrary functions which may depend on y. 

Now it is clear that even though the replacement of W by W® will still lead 
to the same conservation rule, the actual form of the « conserved » density quan- 
tities f,, will be in general changed to same f. This seems to be rather unsatisfac- 
tory because it makes the definition of the differential dynamical quantities am- 
biguous. In the following we want to find a criterion which the added four diver- 
gence F must satisfy in order to leave the differential dynamical quantities unchanged. 

Remembering (1), (la) and (2), clearly we must demand that 

| ar=[rar—o, 


R 


OF oF 
(3) 3W_—3W = fra | (re. ER ) RAT Vi 
R R 
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k Here 
cs ar °F 
a ) T= dx D È + 0,82, -F — | ta ‘a 0,yèx, — 30,9 On 0,Y dr, ake 
ne 
M: - \ 
Ti ar | °F ) °F 
ic i — 0,° ED, sp + —— 0,0 - 
Fr. - ER haw Dr È OO, 08,4 
Le Calculating the first term explicitly by applying (2a) and using eq. (A) in the third 


Bos! and sixth term, we obtain: 


oF oF 
0,p- 2,32, + Go aan 


«an I = 80, 0,F + 0,d0,°F — 
Le 
By eq. (B) this reduces to 
bp or 
(4) ey Leese a (Bay 3, 5y + dp 2,82,) - 


n 


Introducing now for à moment the «local» variation 


» 


3*y(x) = y'(x) — y(x) i 


which is connected to the « complete » variation by | 
| 
Sy = d*p + 0,y-dz,, | 
1 | 
we have i 
| 
O, dp = 0,5*y + On 0,y:èx, + dp: 0,02, - 
Noting that 0,5* = 5*0, and that 
50, 0. 0, = On O,p dx,» 
we obtain 
6,5 = 5 0,Y + 0,y° 0,8%, 5 
{a 
so that the coefficient of the second term in (4) vanishes and we are left with 
1= Dod, 
Thus our eq. (3) leads to 
™ 
fre 


A REMARK ON CONSERVATION RULES 549 


and, as R is arbitrary, this gives (SE 


oF OF x 
8x, 6,F ae are + 3 0, 30,0 SORA 0,3%, eae 


We consider briefly some special cases. 


a) Hnergy and momentum density. 


The corresponding conservation rule follows from invariance under the trans- 
lations with 


dr, = 4, = const; Sy = 0. 


Thus (C) simplifies to 


OE =0, 


i.e. F must not depend explicitly on the co-ordinates. 


b) Angular momentum density. 
Conservation follows from invariance under 


dx, = bexplhh®, and Wa = de yp hip Po > 


where («f) characterise the plane of rotation; 


IB =, durò vp Ai 8 p> vx ? 


and K,, is the representation of the rotation operator in the y-space. (C) gives then 
the set of equations 


OP 


+ KY, 8, SE 


u Va 


© 
pg OE a OgF ate KY, Opa 


For a spinless (scalar) field this simplifies to 


TO EF — x, 0,F = 0. 


(*) Incidentally we note that this is equivalent to saying that if the theory was originally form-in- 
variant, this must not be destroyed by adding F. 
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c) Gauge transformations. 
Here 


so that we have 


oF or 
y——yt — + du 


Lg gr 
oy oy u? 


28, DO, 
ok * po me Cest A oe 


The author is indebted to Dr. E. WOLF who asked a question which sparked 
this investigation. 
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1° Novembre 1958 


Search for Particles of Mass 500 m.. 


S. J. Boscra and F. Bruin 


Natuurkundig Laboratorium - Universiteit van Amsterdam 


(ricevuto il 29 Settembre 1958) 


In 1953 ALIHANIYAN ef al. (!) re- 
ported a number of particles heavier 
than pions which were found in cosmic 
radiation. Due to the nature of the 
selecting mechanism the particles all 
had a momentum between 200 and 
300 MeV/c. They had an average mass 
of 550 m,, were positively charged and 
seemed to decay into charged pions or 
muons. Later investigations (7%) indi- 
cated that these so called £-particles 
are very rare. Recently we investigated 
a large stack of Ilford G-5 emulsion 
exposed to a K*-beam of the Berkeley 
Bevatron. No trace of a £ was found. 

The stack was the one exposed by 
‘Brrece et al. for their K*-decay modes 
experiment (+). In this stack they located 
and identified about 2000 K*-mesons 
and kindly supplied us with the emulsion 


(3) A. ALIHANIYAN, V. KIRILLOV-UGRYU- 
mov, N. SOSTAKOVICH and V. FEDOROV: Dokl. 
Akad. Nauk SSSR, 92, 255 (1953), see also: 
Zu. Éksper. Teor. Fiz., 31, 955 (1956). 

(3) J. STEINBERGER: CERN Conference on 
High Energy Particles (Geneva, 1958). 

(5) M. CoNVERSI, E. FIORINI, S. RATTI, 
C. RuBBIA, C. Succi and G. TORELLI: Nuovo 
Cimento, 9, 740 (1958). 

(4) R. W. BIRGE, D. H. PERKINS, J. R. PE- 
TERSON, D. H. StoRK and M. N. WHITEHEAD: 
Nuovo Cimento, 4, 834 (1956). 
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and their scanning data. First measu- 
rements were carried out by M. Bruin 
of our group on particles found by area 
scanning in the region where a possible 
¢-admixture of the K-beam should stop. 
No ¢-particles were identified. The sta- 
tistical inaccuracy of the result yielded 
an upper limit for the eventual intensity 
of ¢’s amounting to less than 4% of 
the K-beam intensity. From this it has 
been concluded that the £’s found in 
the first experiment (!) were either con- 
fused with pions or could not have been 
produced in the same way or at the 
same primary energy as e.g. K-mesons. 
One assumption is that they were decay 
products of the known strange particles. 
The problem then remains why they 
were never found in emulsion exposed 
to the various beams of high energy 
accelerators. A reason could be that 
their identity remained hidden because 
the criteria used for the identification of 
the nuclear emulsion tracks were insuf- 
ficient. We have checked the latter pos- 
sibility for K*-mesons. 

If an analysis is made of the way 
in which the various decay modes of 
the K-meson have been classified it 
appears that there are two modes in 
which the secondary particles could have 


552 Ss. J. BOSGRA 


been £’s, which by mistake were iden- 
tified as pions or muons. The first case 
was investigated by HARRIS ef al. (°) 
who checked a number of 51 K,,, decays. 
The second possibility probably was 
first suggested by S. GOLDHABER (ey 
who pointed out that the decay 


Kt+>C++v(+7°), Start, 


could have been identified as à Kia 
(or +') decay if the mass of £ would be 
about 500 m,. 

Out of 31K,, mesons analyzed by 
Birce et al. we found that 28 had a 
decay muon of which the range could 
be measured accurately. Their mean 


(6) G. HARRIS, J. OREAR and S. TAYLOR: 
draft Padua-Venice Conference, 6, 49 (1957). 

(6) Private communications from Dr. R. W. 
BIRGE. 


and F. BRUIN 


range was equal to the range of muons 
from ordinary pion decay, namely 596 um. 
Only 24 of the K!, secondary tracks 
were sufficiently flat to allow reliable 
scattering measurements. These were 
carried out on a Koristka MS 2 micro- 
scope. All decay products were com- 
patible with the range of the pion mass, 
so that no evidence is found for K*-meson 
decay products having the mass of about 
500 m,. Combining the results of HAR- 
RIS et al. with ours we conclude that the 
abundance of ¢-particles originating from 
K+-meson decay is less than 0.1%. 


* * * 


This investigation has been carried 
out as part of the program of the Nether- 
lands Institution F.0.M. It is a pleas- 
ure to thank Dr. R. W. BIRGE for sug- 
gesting the analysis and Prof. Dr. G. W. 
Raruenav for stimulating discussions. 
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A Comparison of the Born and the Asymptotic W.K.B. 
Approximation for the Phase Shift. 


T. Trerz 


University L6df Department of Theoretical Physics - Lédé. 


(ricevuto il 29 Settembre 1958) 


As known the phase shift may be obtained from the W.K.B. solution of the 
radial Schrédinger equation. 


(1) d?R,/dr? + [k2 — U(r) — Ul + 1)/r°]R, = 0, 


where 
k=V2mE/h = mvfh and  U(r) = (2m/A2) V(r). 


In the asynptotic W.K.B. approximation the phase shift is given by (1) 


co 


2 HERO « 
(2) n, (W.K.B.) = ig (+ 4)2/r2]$ La? 
(1+3)/k 


The Born approximation for the phase shift 7, as known is given by the following 
formula 


œ 


(3) n, (Born) = — = V(n)[L43(kr)]}?r dr . 


The asymptotic approximation is valid when the centrifugal barrier is large com- 
pared to the potential at distances of about [1(/+1)]!/k. The above mentioned con- 
dition for the W.K.B. asymptotic W.K.B. approximation is the same for the Born 
approximation. In this paper we compare the validity of the Born and asymptotic 
W.K.B. approximation for the Coulomb potentials of the nucleus, which is modified 
by the screening effect of the orbital electrons of the nucleus, e.g. the Thomas-Fermi 
potential, as also for the Yukawa potential. The interaction potential in the Thomas- 


(1) W. HENNEBERG: Zeits. f. Phys., 83, 555 (1933). 


554 T. TIETZ 
Fermi theory (2) may be written as 


Ze? 
(4) Vir) = — — Pa), where 


th 17 
T = y = 0.885 34402" . 
dp x 


Z is the atomie number and & is the first Bohr radius of hydrogen. If we adopt 
for the Thomas-Fermi function (x) the following expression 


(5) Da) = Ya, exp [— ba], 


i=l 


3 
where a; and b; are constants, and > a=1 then equations (4), (5) and (2) give (3) 
iml 
us for 1, (W.K.B.) the following formula (*). 


b.(21+1) 
2uV E 


Ate x 
(6) m (W.K.B.) qa where w= 


Ii=1 


In the last formula K, is the modified Bessel function of the second kind. For the 
Born approximation 7; (Born) we obtain (°) the following formula. 


B as (A h Le re 
1, (Born) = VE 24 J[uw], where wi= a “i 5 


Q, are the Legendre functions of the second kind. In Table I we have a comparison 
of n, (W.K.B.)/m (Born) as a function of 1/2u4/E. 


Tage I. — 7, (W.K.B.)/m (Born) as a function of 1/2uVE. 


l 1/2uVB | m(W.K-B.)/m (Born) | 1 12uVB | n: (W.K.B.)/m (Born) | 
| 
| | | 
0 1.1249 ragni | 1.0505 
1 1 1.0127 Her OLO 1.0109 
2 1.0039 | 2 1.0049 
0 1.0988 | © | 1.0245 
1 0.5 1.0187 1 0.01 | 1.0044 
2 1.005 8 2 | 1.0020 
| 


| | | 


Table I shows that only for 1=0, 1=1, n (Born) differs from 7, (W.K.B.) and 
the difference decreases if H increases. In Table II we have a comparison for 


(?) For reference see P. GomeÀs: Die statistische Theorie des Atoms und ihre Anwendungen 
(Wien, 1949). 

(®) In this paper we calculate in atomic units e—1, & —1 and the energy E in units of €7/2d. 
We adopt these units in order to compare them with HENNEBERG’s results. 

(4) This formula we have obtained using the formula (4), of J. BERTRAND: Traité de calcul 
différentiel et de calcul intégral (Paris, 1870), p. 190. 

(5) G. N. WATSON: Theory of Bessel Functions (Cambridge, 1952), p. 389. 
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M (Born) and n, (W.K.B. ) with the numerical results of Henneberg for H= 7? 
and Z=80. For the constants appearing in equations (6) and (7) we adopt the 
Molière values a,= 0.35; a,=0.55; as=0.1; 0;== 0.3; 6,= 1.2; bi= 6: 


TABLE II. — A comparison of n (W.K.B.) and m (Born) with the numerical values 
Al PS en ISAIA 

É Molière Re ada 
Numerical | 

: | of the Thomas-Fermi function 

l values of eee v 

Henneberg | 

M1 (W.K.B.) | M (Born) 

0 203° 215° 04’ 208° 20' 

1 iby? 153° 20’ 152201 

2 129° 50’ | 125° 124° 38' 

3 LIL308 10 71057 LOGS 7 


Table II shows that 7, (W.K.B.) and 7, (Born) differ from each other for 1 >1 
very little, and the difference between 7, (W.K.B.) and 7, (Born) as also the numer- 
ical values of Henneberg decrease if 1 increases. 

If we adopt for the Yukawa potential the notation of Fogel (5) namely 


(8) U(r) = —b exp [—r]/r and HD, 


then we obtain for the asymptotic W.K.B. approximation the following formula 
for the phase shift. 


2 
(9) m (W.K.B.) = - 2K, | le 


# 


In Table III in order to compare with the last formula for 7, (W.K.B.) we have col- 
lected several values for the phase shift for 1=0 and 1= 1, e.g. the values of 
FOGEL (°) (mr), KALLÉN ( ) (mx); HANSON (°) (mm); RAMSEY (19) (7,8) and numer- 
ical values (1!) (yum) 

Table III shows that the 7, (W.K.B.) are the better when x increases and b de- 
creases. The results for 7,(W.K.B.) are generally not worse than ne For l< 1 
the agreement for 7, (W.K.B.) with the exact values for 7, will be better. One can 
easily show taking into consideration the Watson’s relation (1?) for the Q, that for 
1>10 formula (7) is identical with formula (6). A more detailed discussion about 
the W.K.B. and the Born approximation we will published later on. 


(5) K. G. FocEL: Acta Acad. Aboensis, 19, 1 (1954). 

(7) See reference (*). 

(8) G. KALLEN: Ark. f. Fys., 4, 42 (1952). 

(?) K. Hanson: Fysiogr. Sallsk. Lund. Forhandl., 18, 12 (1948). 
(30) W. RAMSEY: Proc. Camb. Phil. Soc., 44, 87 (148). 

(11) See reference (°). 

(12) G. N. WATSON: Messenger. Math., 47, 151 (1918). 
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TABLE III. — Comparison of tg Mm (W.K.B.) with different results 


for 1=1 and 1=2. 


boh Ta 


l # b tg M 
| tg M (W.K.B.) = — 0.047 16 
iL 122 | AY) tg Mix at 0.04508 
t Mu — — 0.04600 
= tg mM (W.K.B.) = — 0.07430 
1 1.6 049 tg Mr = — 0.06775 
tg Ma — — 0.06906 
tg Mr = — 0.06850 
nn [crolli le RE D ES ee 
tg M (W.K.B.) = 0.2235 
1.6 | 2.7 tg Mr = 0.1466 
| tg Mu = 0.2911 
F tg NK = 0.267 
vii Liri pica cre lee eee 
tg m (W.K.B.) = 0.0501 
0.8 DU tg Me = 0.0373 
| tg Ma = 0.0863 
tg m (W.K.B.) = 0.1414 
1 1.2 2.7 tg Mr = 0.1479 
| tf Ma = 0.1925 
RIS eee 
tg m (W.K.B.) = —().2401 
1 MIS) 25:12 te Mr = — 0.1473 
4 tg Mx = — 0.156 
tg M num, a 0.190 
: ee ee en ee 
> tg n (W.K.B.) = 0.0306 
, IS 2.52 tg Me = . 0.0305 
tg mn = 0.0368 
tg mr = 0.0366 


rechi Se eee ae 
=| — 


IL NUOVO CIMENTO 


MOTS ENS 


19 Novembre 1958 


Mesonie Decay of Helium Hyperfragment. 


PET JAIN 
Physics Department, University of Buffalo - Buffalo, N. Y. 


(ricevuto il 2 Ottobre 1958) 


We have observed an event which 
is interpreted as a mesonic decay of a 
‘He hyperfragment. This event was 
found in Ilford G-5 6 in. x4 in. stripped 
emulsions of 400 um thickness which 
were flown near Guam (Marian Island 
6° N geomagnetic latitude) in 1957. 

The interaction is observed in one 
emulsions with the exception of two 
particles which go into the facing emul- 
sion. Fig. 1 shows the projection drawing 
of the events. A zm-meson, which un- 
fortunately could not be traced back 
beyond a range of 1237 { m collides with 


Fig. 1. - A nuclear fragment d from a primary 
star A stops in the emulsion and produces a 
secondary star B which has three prongs. 
Tracks e, f and g were produced by a proton, a 
r-meson and a ‘He nucleus respectively. 
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an emulsion nucleus and produces a 
primary star A, of type 2117. From 
this nuclear disintegration, tracks b and ¢ 
show the characteristic appearances of 
a heavy particle of charge one. Track d 
is due to a slow unstable particle in 
the forward hemisphere which comes to 
rest in the emulsion after 59.8 um, 
thereupon giving rise to a secondary 
star B of three prongs. Because of the 
short length of the primary track d, 
no useful mass measurements could be 
made. There are no measurable 5-rays 
along the track, which exhibits only a 
very small amount of scattering along 
its path. This suggests that the charge 
of the hyperfragment was greater than 
one and by comparing with the other 
tracks in the same emulsion it was 
found to be due to an isotope of 
charge two. 

Track e is 657 um long and ends in 
the same emulsion. The general appear- 
ance of the track e, along with the 
measurements of both 3-ray density and 
gap density against residual range along 
this track, indicates that it is due to 
a proton. The track f continues through 
eight pellicles and exhibits the character- 
istics of a r-meson. A «blob» accom- 
panies the track ending which indicates 
that the x-meson was negative. A short 
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black track g is due to the recoil of a 
nucleus. The secondary star could not 
have been produced by a scattered 
proton because the short recoil is in 
the backward hemisphere. For the con- 
servation of charge in the secondary 
particles it is required that track g must 
have been produced by a particle of 
charge two. Three tracks in the sec- 
ondary star are coplanar within the 
limits of measurements (-+2°), and cô- 
planarity of the track strongly suggests 
that only these three particles were 
involved in the disintegration of the 
hyperfragment, and no neutral particle 
was emitted in the decay; also the 
hyperfragment decayed from rest. 

The data relating to this event are 
given in Table I. The energies and 


Be daw 


JAIN 


tively. The momentum imbalance op- 
posite to the recoil track g is 71.02 MeV/e 
which is within the error in angular 
measurements. If the recoil is assumed 
to be due to a He nucleus, its momentum 
lies between 63 and 75 MeV/c as deter- 
mined from its range. If the track is 
due to ‘a ‘He nucleus its momentum lies 
between 73 and 85 MeV/c. The mo- 
mentum balance would imply that the 
track was due to *He. Fragment d with 
a bound A° decays mesonically. The 
disintegration scheme which best satis- 
fies all the measurements can be ex- 
pressed by the equation 


(1) 4He, >#He+p+T +01: 


where Q, is found to be (35.8 +0.34) MeV. 


TABLE I. 
à can Range Energy | Momentum 
Track | Identity (um) (MeV) | (MeV/c) Angles | 

Gt PS au de = = 

b P 1180 15.5 171.5 — 

e p 285 6.7 112.8 — 

d “Hex 59.8 10.2 294.1 — 

e p | 657 | 11.0 1441. }| 95 

f x 10752 24.0 + 0.3 85.3 + 0.2 ina 

g site “| 2.62 R381 | 07<E<0.9 | .63< M<75 } | 532 


momenta of the singly charged particles 
were evaluated from the energy-range 
relation of Fay et al. (+), while for the 
doubly charged particle the range-energy 
relationship of WILKINS (2) was used. 
The energies of tracks e and f, from 
range measurement are found to be 
11.0 MeV and 24.0 MeV respectively, 
and their corresponding momenta are 
144.08 MeV/e and 85.3 MeV/c respec- 


() H. Fay, K. GOTTSTEIN and K. HAIN: 
Suppl. Nuovo Cimento, 11, 234 (1954). 

(2) J. J. WILKINS: Atomic Energy Research 
Establishment, Harwell Report G/R 664 (un- 
published). 


The energy of the *He nucleus was. 
obtained from momentum balance. It 
has been shown (3) that the value of QA 
from the following A° hyperon decay 
scheme 
(2) A>p+r +01 
is Qa = (36.9+0.2) MeV. 

The close similarity between these: 
Q values, together with the coplanarity 


(3) M. W. FRIEDLANDER, D. KEEFE, M. G.. 
K. MENON and M. MERLIN: Phil. Mag., 45, 533 
(1954). 
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already mentioned, strongly suggests 
that the observed phenomenon corre- 
sponds to break up of a meson active 
‘He nucleus. In calculating the binding 
energy of A° particle in 4He nucleus we 
have used Barkas’ (4) mass values of 
different particles. The mass value of 


A° particle used is: M\—1114.82 MeV, . 


and the value of the binding energy of 
A° particle is found to be (1.1-+0.2) MeV. 
This value is in excellent agreement 
with the values appearing in the litera: 
ture. This value may be compared with 
the much larger binding energy 20.6 MeV 
of the «last neutron » in ordinary ‘He. 

If we consider the errors in the charge 
and mass, there exist alternate possible 
interpretations of the decay scheme of 
the hyperfragment of charge one. If the 
recoil was due to a proton, deuteron or 


(4) W. H. BARKAS and D. M. Youne: Uni- 
versity of California Radiation Laboratory 
Report UCRL 2579 Rey. (unpublished). 
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a triton, one can write the following 
equations respectively. 


(3) 27H, + H+r-+1H, 
(4) 3H, >1H+7-42H, 
(8) 4H, >1H+7-43H. 


The expected ranges for these nuclei 
as obtained from the momentum im- 
balance of m--meson and proton along 
track g are 14 um, 16 um, and 10.8 um 
respectively. These ranges are much 
longer than the observed one, so the 
event observed is interpreted satisfac- 
torily by equation (1). 


* Ok ok 


We would like to thank Drs. K. E. 
Davis, N. M. DuLLER and C. A. RAN- 
DALL for sharing with us their plates 
which were exposed near Guam. We 
would also like to thank Prof. M. SCHEIN 
for our stimulating introduction to this 
field in his laboratory during the sum- 
mer of 1956. 
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Interaction entre un petit et un grand système Hamiltonien effectif; 
polarisation et absorption. 


F. ENGLERT 


Université Libre de Bruxelles - Bruxelles 


(ricevuto il 4 Ottobre 1958) 


Considérons un système binaire dont les particules constituant le premier sous- 
système, appelé s, sont beaucoup moins nombreuses que celles formant le second, 
appelé S; soit V(r) l'énergie potentielle d'interaction entre une particule de s et 
une particule de S. 

On peut mettre Vhamiltonien du système sous la forme 


(1) H = He He 
où 
(2) | H,= H+ HS, 


et on peut écrire 


(3) Hu >, Vide 0% 0) 


où V(q), CPR 0° sont des transformées de Fourier du potentiel Vir) et des densités 
de particules dans s et S. 


D'une manière générale, on peut toujours, à l’aide d’une transformaticn uni- 
taire, obtenir un hamiltonien H équivalent à H au second ordre en Hine 


1 
= A i i ss eet ae Bae 
(4) H H,+t Hat R lim, DHim Di Td de we Ham) Cm |; 


où E, et |m> sont relatifs à H, et AH, est la partie de Hy, connectant les états 


de même énergie de Hy; le signe R indique que seule la partie hermitienne de 
Vopérateur considéré doit étre conservée. 


(*) La méthode exposée ici est en fait valable pour un Hint quelconque. 
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Négligeons les transitions résonantes dues à 4H,,,; portant (3) dans (4) et prenant 
une moyenne statistique sur les états du grand système, on obtient alors, si S est 
invariant par rapport aux translations, un hamiltonien effectif pour le petit système s 


(5) Hu = H"+ RY V'(g)o 0" 4: 
a 
où 
(6) <ms | e”:| n> = CE] o; | mn) DF, Onems; TL) - 


M 2 6 ATE = È x x . . on 
La fonction ®;(q, ©; 7), dont les parties réelles et imaginaires sont liées par des 
relations de causalité, est caractéristique du système S à la température T et vaut 


| <m5 | o§|n8) |? 


e+ = Ta 
FE-> F0 O AD NN Ue 


aa 1 
(7) DE(q, 0; T) =—lim Y p,s(T)> 
ns 


m8 


où p,s(T) est le poids statistique affectant l’état |n5) à la température 7. Désignant 
par T®a f(r,t) la transformée de Fourier quadridimensionnelle de f(r,t), on a 


(8) Pa (1, ©; T) = + TAGs, ts T) UU), 
n 


où Gg(r,t; T) est la fonction de corrélation de paire de Van Hove (!) à la tempé- 
rature 7 et U(t) est la fonction qui vaut 0 pour t < 0 et 1 pour t >0. 
On peut écrire 


(9) DE(G. 0; T) = A7 (4, 0; T) + Big. 0; T). 


où les deux termes de (9) sont définis par (8) en remplaçant successivement Gs(r, t; 7°) 
par sa partie imaginaire pure et par sa partie réelle; le terme Bj intervient alors 
dans (5) uniquement par suite du traitement non symétrique des systèmes s et S 
et multiplie un commutateur; le terme AÉ au contraire, subsiste lorsque le petit 
système s peut être considéré comme classique. La fonetion Di (q, w; T) détermine 
les propriétés de polarisation et d'absorption du système S; toutefois lorsque le 
petit système pourra être considéré comme classique, il suffira de considérer la 
fonction AG wo; I). 

Envisageons maintenant le cas où s et S sont composés d'électrons interagissant 
par un potentiel coulombien; si on néglige les interactions d'échange entre s et 8, 


on peut écrire (5) sous la forme 


Are? 
(10) AI a De RI, Fo { 050 5e —N}: 
a 


où n est le nombre de porteurs minoritaires, H°* leur énergie cinétique et 


A 87e° = 
(11) <m®| 0° 5 6|*> = <ms| 0° | né) Îi DIA x DF (q,@amss nl 3 


2 


(1) L. vAN Hove: Phys. Rer., 95, 249 (1954). 


Ae 36 - Il Nuovo Cimento. 
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L'équation (10), où les éléments de matrice (11) sont pris en principe entre états 
propres de H* est la généralisation de celle obtenue par PINES et NOZIÈRES (35 
l'expression 


{ Se? L % 


(12) ie + a AZ] ©; mi ; | 


mc 


peut être identifiée à la constante diélectrique complexe classique du système S ; 
elle est égale, pour 7'= 0, à celle définie par Pines et Nozibres (5) et est la méme 
que celle de Fano (4). x i 

D'autres applications et une discussion plus détaillée des résultats précédents 
feront l’objet d’une prochaine publication. 


* OK * 


Nous remercions vivement Monsieur le Professeur GÉHÉNIAU qui nous a aidé 
par d’intéressantes discussions. 


(2) P. Nozibres et D. PINES: Phys. Rev, 109, 762 (1958). 
(®) P. NozièRes et D. Fines: Nuovo Cimento, 9, 470 (1958). 
(4) U. Fano: Phys. Rev., 103, 1202 (1956). 
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and V. WEISSKOPF: Phys. Rev., 96, 449 (1954). 
in terms of complex potential. 


NUOVO CIMENTO Mon EX 2N;03 19 Novembre 1958 


On the Radiation Emitted 
by Charged Particles Interacting with Complex Nuclei. 


B. Bosco 


Istituto di Fisica dell Universita - Torino 
Istituto Nazionale di Fisica Nucleare - Sezione di Torino 


(riceyuto il 27 Ottobre 1958) 


A good deal of attention has been paid in recent years to the optical model with 
a complex potential. 

Its application has furnished a simple and sufficiently general model to deal 
with the scattering of any kind of particles with complex nuclei when such phe- 
nomena are more or less anelastic as in the case of antinucleon-nucleus or meson- 


nucleus interaction (+). 
It seems therefore to be worthwhile to analize whether it is possible to use the 


optical model in order to evaluate the radiation emitted in such interactions. Sub- 
stantially there are two questions connected with such a problem: 


1) The conventional electric current associated to a flux of charged particles 


when the hamiltonian is hermitian is given for a transition from a state a to a 


state b by: 


o) eh — — x 
(1) Jo dim E DIE (VY,) Pa} ( ). 


If now a and b are continuum states, and the Hamiltonian is not hermitian 
the problem is to know what kind of function has to be put in (1) for yw, in order 
to obtain the proper asymptotical condition, or in other words if we write, as 
usually, Ÿ, by means of the phase-shifts, the problem is to determine if the phase- 
shifts of Y%, are due to the potential V(r) of H or to Ver) of H° where the super- 
seript ¢ means complex coniugate. 


(1) See for ex: J. KESSLER and L. LEDERMAN; Phys. Rev., 


These analysis have been published in J.H.P.7. in the 1957. 


(8) The antisymmetrization in necessary in order that j, may satisfy the continuity equation. 
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94, 689 (1954); IL. FESHBACH, C, PORTER 
There are also many analysis of r-ncleus scattering 


HAN 
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2) It is well known that if complex potential is present the continuity equa- 
tion reads: 


Co eee 2e = 

(2) — + divj,= — > Vilt)P, Fo, 
ot h 

(15) DE eP,P, » 


and j, is given by (1), where V;(r) is the imaginary part of the potential. 
Clearly the term which appears on the r.h.s. of (2) represents the absorption by 
the nucleus of some charge of the beam: therefore also this term will contribute to 
create radiation. We begin with the first question. 
Let us repeat step by spet the proof given in BETHE and Maxon (8), taking 
into account the fact that the phase-shifts are complex. We get for ‘7, the expression: 


VT) > (22+ 1)itexp [— inf ]La(r) Pi) , 


where the funetions are defined in the same paper. 

Now since 7, is a real function of the potential we have ni =n, where 7 are the 
phase-shifts due to the potential V°(r). 

Then we can say that Y, has to be an incoming wave corresponding to the 
potential V°(r). 

The same results can be of course obtained with the more general argument 
of BetnHE and BREIT (4). 

We turn now attention to the second question; i.e. how to evaluate the radiation 
due to the absorption of charge. 

The function +(2e/#)V,;(r) 7,7, can be considered as the divergence of a vector Jy 
which we can interprete as the nuclear current created by the absorption of charge 
from the beam of colliding particles. 

The continuity equation (2) takes the form: 


o) 
ro 


DS 
| 


- + div (jo + Jr) = 0, 


D 


with: 


DAR 2e = 
div jy = x Vine vo. 


In other terms if we consider together with the conventional current also a nuclear 
current responsible for charge exchange between the nuclear matter and the beam 
particles we must obtain conservation of charge. 

Unfortunally the knowledge of divjy does not determine completely the vector jy. 

However, whilst 7, is important in all the space j, is different from zero only in 
a limited region. This fact enables us at least for not too high energy of the 


(*) H. A. BETHE and L. C. MAXIMON: Phys. Rev., 93, 768 (1954). 
(4) H. A. BETHE and G. BREIT: Phys. Rev., 98, 888 (1954). 
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emerging photon to determine the matrix element of all the the electric multipole 
transitions. 
In fact if (kR)2< 41+ 6 we have (5): (J is the order of multipole). 


xl, m) = 


4x (+: 
l 


à ti à 
ela Du = | kit | rtYi,(0, p) div jy dV. 


The magnetic effect of such a current is completely indetermined from the 
previous arguments but from qualitative evaluation of such effects we can argue that 
such effect is quite small. In fact we know that the order of magnitude of mul- 
tipoles magnetic transitions are 


ay(l, m) = i nv) , 


where V is the velocity of the charge of the particles absorbed by the complex 
nucleus and therefore is practically zero. 

In order to complete the model we must add a prescription on the incoherence 
of the amplitude of j, and j,; in fact since jy will change the charge number of 
nuclear wave function its amplitude will certainly be incoherent with the amplitude 
of Jj, which conserves such a number. 


* OK OK 


The author is greatly indebted to Prof. V. Wersskorr for many illuminating 
discussions; he also wishes to thank Prof. M. VERDE and S. FuBinI for useful sug- 
gestions and criticism. 


(5) J. M. BLATT and V. F. WEISSKOPF: Theoretical Nuclear Physics (New York, 1952), p. 807. 
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DLE RINELOEN CO ek RECENSIONI 


J. D. Fast, H. G. VAN BUREN. J. 
PHILIBERT — La diffusion dans les 
métaux,  Bibliotèque Thecnique 
Philips — Eindhoven, 1957. pp. 124 


Si tratta degli atti di un convegno 
di un piccolo gruppo di specialisti fran- 
cesi, belgi e olandesi su alcuni aspetti 
della diffusione nei solidi. Più esatta- 
mente due lavori trattano l'influenza 
dei difetti strutturali sulla diffusione; 
quattro vertono sull’effetto Kirkendall, 
qualche altro sulla diffusione intergranu- 
lare, con un totale di otto lavori. Precede 
una chiara introduzione (di A. D. Lx 
CLAIRE. 
G. CARERI 


MICHEL BAYET—- Physique électronique 
des gas et des solides. Masson et 
Cie. - Paris, 1958 (pag. 246). 
Questo libro è sostanzialmente un 

corso universitario sui fenomeni di tra- 

sporto delle cariche elettriche nei gas e 

nei solidi. 

Parte dei capitoli ha un valore intro- 
duttivo e tratta le nozioni di statistica 
quantica, la teoria degli urti, la cinetica 
dei gas, la teoria elettronica dei me- 
talli, ecc., in modo elementare ed, a 
volte, un poco incompleto. Altri capitoli 
invece, si staccano nettamente e sono 


di livello assai più elevato. In modo 
particolare quelli che trattano il gas di 
Lorentz non degenere e le proprietà 
elettromagnetiche dei plasmi dal punto 
di vista meccanico statistico. In questo 
campo l’autore ha portato anche dei 
contributi personali. 

Ne risulta un libro, che, pur man- 
cando di unità, può riuscire utile sia 
agli studenti che agli specialisti. 


G. CARERI 


V. HLAVATY — Geometry of Einstein’s 
unified field theory Noordhoff Ltd. 
Groningen-Holland pag. XXXII, 
341, $ 9. 


Questa monografia di Hlavaty costi- 
tuisce certamente uno dei contributi pit 
notevoli alla discussione dell’ultima teoria 
di Einstein del campo unificato. Le equa- 
zioni della teoria furono postulate da 
Einstein poco prima della sua morte e 
sì trovarono riportate nell’appendice II 
del volume The meaning of Relativity. 
È noto che la deduzione delle conse- 
guenze di tali equazioni ha presentato 
e presenta tuttora notevoli difficoltà 
matematiche e difficile appare anche il 
problema di individuare predizioni spe- 
cifiche della teoria che sia possibile sot- 
toporre a verifica sperimentale. 
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Hlavaty cura essenzialmente in questo 
volume di sviluppare una base geome- 
trica per Vinterpretazione delle equa- 
zioni di Einstein. In vista della natura 
essenzialmente geometrica della teoria 
questo studio è già sufficiente ad offrire 
una visione molto dettagliata delle prin- 
cipali conseguenze fisiche. Il primo capi- 
tolo del volume considera le conseguenze 
ed i relativi sviluppi geometrici di quello 
che l’autore chiama postulato A della 
teoria, cioè che il campo unificato sia 
descritto da 16 potenziali, come sugge- 
rito dal computo dei potenziali necessari 
nelle teorie non unificate. Pertanto viene 
esaminata in dettaglio la struttura alge- 
brica dello spazio-tempo dovuta al ten- 
sore non simmetrico g,,. Dallo studio 
della struttura del tensore g,, si ricava 
una classificazione dei possibili spazio- 
tempo in tre classi a seconda della na- 
tura delle soluzioni del problema ad 
autovalori relativo al tensore misto rica- 
vabile dalla parte antisimmetrica di 93, 
usando quale tensore metrico la parte 
simmetrica di g,,. Questa classificazione 
è importante in tutto il seguito e l’inter- 
pretazione fisica delle equazioni del campo 
va condotta con metodi diversi nei tre 
casi. Il campo elettromagnetico f,, è 
diverso dalla parte antisimmetrica del 
tensore g;,,, Ma entrambi questi tensori 
appartengono alla stessa classe. 

Nei seguenti due capitoli vengono 
esaminate le conseguenze del cosiddetto 
postulato B della teoria cioè, che i po- 
tenziali determinino la curvatura € la 
torsione dello spazio-tempo. L’espres- 
sione matematica del postulato si trova 


nelle 64 equazioni che definiscono la — 


connessione 7°, dello spazio-tempo attra- 
verso gz, e le sue derivate prime, analo- 
gamente a quanto avviene per i simboli 
di Cristoftel nella teoria della gravita- 
zione. Anche qui la discussione dell’esi- 
stenza della soluzione per i Ti, è subor- 
dinata alla distinzione degli spazio-tempo 
nelle tre classi menzionate, e diverse sono 
le condizioni per l’esistenza nei tre casi. 

Nel capitolo quarto l’autore affronta 
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il problema centrale della teoria, cioè la 
discussione delle conseguenze di quello 
che egli chiama postulato C, che richiede 
al tensore g;, di essere soluzione di un 
sistema di equazioni differenziali equiva- 
lenti a precise condizioni per la curva- 
tura e la torsione dello spazio-tempo. La 
specificazione di tali condizioni, dovuta 
ad Einstein, porta a condizioni per il 
tensore di curvatura R°,,1 che possono 
venire interpretate come equazioni diffe- 
renziali per il tensore non simmetrico 97, 
(equazioni del campo). In questo capi- 
tolo vengono solo discusse le conseguenze 
di tali condizioni sulla struttura geome- 
trica dello spazio-tempo. 

Le conseguenze fisiche del postulato C 
e della sua specificazione in termini delle 
equazioni di Einstein vengono esaminate 
nel capitolo quinto. Anzitutto viene mo- 
strata l’esistenza e l’unicità di un ten- 
sore fi, (campo elettromagnetico) che 
sia antisimmetrico, che sia una fun- 
zione di g,,, ma non delle sue derivate, 
ottenibile da g,, mediante costruzione 
tensoriale, e che soddisfi le equazioni di 
Maxwell come conseguenza delle equa- 
zioni di Einstein. Si trova che f;, può 
esprimersi esplicitamente in termini della 
parte antisimmetrica di g,,, ma non 
coincide mai con essa. Il tensore del 
campo gravitazionale può quindi iden- 
tificarsi con la parte simmetrica di gs, 
dal confronto dell'equazione per il suo 
tensore contratto con le vecchie equa- 
zioni del campo nella teoria della gravi- 
tazione. L'autore mostra come, nell’ipo- 
tesi in cui sia trascurabile il campo elet- 
tromagnetico del sole, si ottengano dalla 
teoria del campo unificato le equazioni 
della teoria gravitazionale. 

Completano il volume tre lunghe 
appendici. Nella prima l’autore studia la 
geometria dei segnali luminosi. Il risul- 
tato importante di questo studio è la 
previsione di possibili campi elettroma- 
gnetici per cui, pur sotto l’ipotesi di co- 
stanza della velocità della luce e tra- 
scurando effetti gravitazionali, non deve 
valere necessariamente il risultato della 


a = S 
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esperienza di Michelson-Morley. È noto 
che una discrepanza era stata riportata 
in passato tra i risultati di Michelson- 
Morley e i risultati di analoghe esperienze 
di Miller. Riteniamo molto probabile che 
la discrepanza sia dovuta piuttosto ad 
errori sperimentali. È chiaro però che un 
riesame e un perfezionamento dell’espe- 
rimento potrebbero risultare utili. La se- 
conda appendice sull’algebra degli spi- 
nori a quattro componenti è particolar- 
mente interessante per il fisico teorico. 
L'autore mostra come il tensore non 
simmetrico 97, Si presti molto conve- 
nientemente all’algebra ed all’analisi degli 
spinori a quattro componenti. Infine 
Vappendice terza, utile per la lettura di 
certe parti del volume, contiene l’espo- 
sizione degli elementi essenziali della 
geometria della retta in uno spazio proiet- 
tivo a tre dimensioni. 

Da questa, pur rapida e incompleta 


esposizione del contenuto, il lettore si 
renderà conto dell'importanza del vo- 
lume che crediamo riuscirà molto utile 
agli studiosi della teoria del campo uni- 
ficato. Come abbiamo gia accennato, 
l’autore si propone anzitutto di chiarire 
le basi geometriche della teoria. Pertanto 
il volume presuppone già una educazione 
geometrica nel lettore, purtroppo non 
molto diffusa tra i fisici, ivi compresi i 
fisici teorici. È improbabile tuttavia che 
si possa ricavare una comprensione suf- 
ficiente della teoria del campo unificato 
senza pieno uso degli strumenti geome- 
trici necessari. L'esame delle conseguenze 
fisiche della. teoria presuppone invece 
una conoscenza altrettanto accurata di 
molte questioni astronomiche, e di questo 
aspetto del problema possono trovarsi 
nel volume solo cenni brevissimi. 


R. GATTO 
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